
Argonne Potential, Three-Body Forces and
Stability of Neutron Matter

Dmitry Gridnev

FIAS,
on leave from Saint Petersburg University



Plan of the Talk

I Stability of ordinary matter
I Stability of nuclear matter
I Argonne potential AV18
I A need in three-body force
I Multineutrons, do they exist?
I Mathematical proof of stability of N-particle systems
I Mathematical proof of instability of neutron matter with

AV18+UIX forces



Stability of matter around us
Thermodynamics: the energy is an extensive quantity

lim
N→∞

E (N)/N = e0 Exists,

where N is the number of atoms. With pointwise nuclei and
electrons E (N) is a mathematically well defined quantity. Stability
implies that there exist c,C > 0 such that

cN ≤ E (N) ≤ CN



Proof of Dyson and Lenard

In 1967 John Freeman Dyson and Andrew Lenard presented a
mathematical proof of matter’s stability.

Without the Pauli principle the matter is not stable, since without
it E (N) ' N5/3. That is, the assembly of any two macroscopic
objects would release energy comparable to that of an atomic
bomb.



Protons and Neutrons also Form Matter

I For finite nuclei with N neutrons and Z protons
(A = Z + N)one has Bethe-Weizsäcker formula

E = aV A− aSA2/3 − aA
(A− 2Z )2

A − δ(A,Z ), (1)

where we assume zero Coulomb forces.

I For large N with gravitational forces we observe neutron stars



Masses and Radii of the Stars are governed ba Equation of
State



Nuclear Hamiltonian



Three-Body Force

Nucleons are not elementary particles!



Three-Body Force

Nucleons are not elementary particles!



Urbana IX Three-Body Potential
UIX contains two contributions



Cutoff Functions of OPE

The functions T (r),Y (r) are given through

Y (r) =
e−µr

µr
[
1− e−br2]

,

T (r) =
(

1 +
3
µr +

3
µ2r2

)e−µr

µr
[
1− e−br2]2

.

Here µ = (mπ0 + 2mπ±)c/(3~) is the average of the pion masses
and b = 2.0 fm−2.

Expanding the exponents it is easy to see that T (0) = Y (0) = 0,
which means that the whole three-body interaction vanishes if
three nucleons occupy the same position in space! Urbana VI
does not have that problem.



Urbana IX Three-Body Potential



Urbana IX Three-Body Potential



Urbana IX Three-Body Potential



Nuclear Matter vs Pure Neutron Matter



Light Nuclei calculated with AV 18 + Illinois 2



What Makes Nuclear Structure?

Systematically remove features from nuclear Hamiltonian and look
at effects on nuclear level energies



The Experiment in which Tetraneutron was “Found”



Tetraneutron in Argonne 18 + Il2 Calculations



Necessary stability condition for pairwise interacting matter

Theorem [Zhislin, Vugal’ter ] Let E (N) denote the ground
state energy of N fermions (or bosons) that interact through the
pair potential v(r) satisfying the following condition∫

r1,r2∈K
v(r1 − r2)dr1dr2 < 0 (1)

where K is a fixed arbitrary finite cube in R3. Then

E (N) < −cN2 for N > N0,

where c,N0 > 0 are constants. Condition (1) can be improved∫
r1,r2∈K1

v(r1 − r2)dr1dr2 +

∫
r1∈K1
r2∈K2

v(r1 − r2)dr1dr2 < 0,

where K1 ∩ K2 = ∅ are two disjoint cubes of equal size.



Sketch of the Proof

Figure: The neutrons are placed into two disjoint cubes Ku,Kd each with
the side length L (subscripts u, d stand for “up” and “down”
respectively). The upper cube is shifted by a distance D along the Z -axis
with respect to the lower cube.



Sketch of the Proof

Consider 2N neutrons that are described by the following
Hamiltonian

H = − ~2

2m

2N∑
i=1

∆ri + V2b + V3b = T + V2b + V3b.

The kinetic energy operator T includes the center of mass motion;
m is the neutron mass and ri for i = 1, . . . , 2N are neutrons’
position vectors. The term V2b =

∑
i<j vij is the sum of

two-nucleon interactions given by the Argonne V18 potential. The
term V3b is the three–body interaction, which can be one of the
modern versions of Illinois three-nucleon interaction, namely
Urbana IX or Illinois 7.



Construction of the Trial Function (1/2)

Each cube confines N neutrons, which form an excited state of the
Fermi gas. The trial function depends on three parameters
L,D, ω > 0, where ω is an integer. For any p = 1, 2, . . . and x ∈ R
we set

ϕp(x) = (L/2)−1/2 sin
(
2πpL−1ωx

)
if x ∈ [0, L],

and ϕp(x) = 0 if x /∈ [0, L]. Let us fix the an integer n in a way
that makes the inequality n3 ≤ N < (n + 1)3 hold. For each
t = 1, . . . ,N we choose a triple of positive integers {t1, t2, t3} so
that 1 ≤ t1, t2, t3 ≤ n + 1 and

∑3
i=1 |ti − t ′i | 6= 0 for t 6= t ′. Using

these triples we define the one particle states for t = 1, . . . ,N as
follows

ft(r) := ϕt1(r x )ϕt2(r y )ϕt3(r z),

where r x , r y , r z are the Cartesian components of the vector r.



Construction of the Trial Function (2/2)

Let us set

ΨΠ(r1, . . . , r2N) := f1(r1)f2(r2) · · · fN(rN)

×f1(rN+1 −D)f2(rN+2 −D) · · · fN(r2N −D),

where D := (0, 0,D) is a three-dimensional vector. Let , whose
elements g ∈ S2N permute only the spatial coordinates. We
construct the trial function for 2N neutrons as

Ψ̃A = ΨA(r1, . . . , r2N)|n ↑〉|n ↑〉 · · · |n ↑〉,

where the spatial part of the wave function is ΨA =
√

(2N)!AΨΠ.
Here A is an antisymmetrizer on the permutation group for 2N
particles S2N (only spatial coordinates are permuted).



Poof (continued)

By the variational principle

E (2N) ≤ 〈Ψ̃A|T |Ψ̃A〉+ 〈Ψ̃A|V2b|Ψ̃A〉+ 〈Ψ̃A|V3b|Ψ̃A〉,

where E (2N) is the ground state energy of 2N neutrons.
Contribution of kinetic energy is easy to compute

〈Ψ̃A|T |Ψ̃A〉 ≤
(2πω~√

mL

)2 n+1∑
i=1

n+1∑
j=1

n+1∑
k=1

(i2 + j2 + k2) = O(N5/3)

Contribution of the 2-body interactions

〈Ψ̃A|V2b|Ψ̃A〉 = O(N8/3)

The power is different from 2 due the terms proportional to the
square of the angular momentum.



3-body Term Contribution

〈Ψ̃A|V3b|Ψ̃A〉 = QN3 + Υ(ω)N3

Let W (r1, r2, r3) be the 3-body interaction potential. Then the
constant Q is defined through

Q =

∫
r1,r2,r3∈Kd

W (r1, r2, r3)dr1dr2dr3

+

∫
r1,r2∈Ku
r3∈Kd

W (r1, r2, r3)dr1dr2dr3

Constant Q can be made negative while Υ(ω)→ 0 for large ω due
to oscillations in one particle wave functions. Thus the total energy
of 2N neutrons grows like −QN3. The matter cannot be formed!



Behavior of the 3-body Potential
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Figure: The plot of the function W (0, 0,D) (where D ≡ (0, 0,D)) versus
parameter D. The plot shows that to ensure neutron matter collapse one
can set D = 1 fm.



Conclusions

I Neutron matter with AV18+UIX forces is unstable: the
binding energy of N neutrons in the ground state E (N) grows
proportionally to N3

I The problem is due to the force vanishing when 3 nucleons
occupy the same site in space

I Old Urbana VI three-body force does not have that problem
I The matter can be quasistable, one has to calculate the

potential barriers and probabilities for their penetration
I Primitive Minnesota and Volkov types of interaction predict

bound multineutrons with growing density: the matter is
unstable in this case as well since |E (N)| ' N2.

I Rigorous mathematical methods provide useful insight into
the structure of nuclear forces


