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1. Introduction. The Jacobi matrices appeared in studies of

"compound model” of generalized oscillator have the following form

J = [ai,j]zojzo : ai,j = 0;0; j + 0ix1,5+ 0i—1,j, (1)

0.@)

where a;y = a;, a; € C, N € N. The polynomials {¢,(x)},_,
related to J fulfill the recurrence relations

Thn(2) = V41 (€)+anthn(2) +Pn-1(z),  Yol(z)=1, Y_1(z)=0. (2)
Because matrix J differs from Jacobi matrix for Chebyshev polyno-
mials of the 2-nd kind only by presence of nonzero main diagonal the
polynomials ), (x) are called "nonstandard” Chebyshev polynomials.

If in addition polynomials ), (z) fulfill the recurrence relations

$N¢Nm+k = B&N)¢N(m+1)+k + Ag)¢Nm+k + BT(TL]\Z)le(m—l)-Fk) (3)

for all £ =0,(N — 1) and all m such that
1) m >0, or 2) m > 1 (but not form = 0),

then they are called N-symmetric Chebyshev polynomials.
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The case 1) was considered early for N = 2,3. In this talk we

consider the case 2). Namely we construct N-symmetric Chebyshev
polynomials for N = 3,4,5. The existence of such polynomials for
N > b5 is still an open question.

2. The case N = 3. In this case Jacobi matrix has the form

(A1 A, 0 0 0
A3 A1 A 0 O
J=10 A3 A; A4, 0 ---|, where
0 0 Az A Ay ---

i3 10 000 00 1]
Ai=| 1 —=iv3 1|, A=[000], A3=1000
0 1 0 100 000
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The recurrence relations (3) for m > 1 takes the form

$3¢3m+k($) — ¢3(m+1)+k(m) =+ ¢3(m—1)+k($)7 k= 07 17 27
and for m =0
wo(z) = Ys(x) — Pa(z) + 20V 3¢ (),

Y1 () = a(z) — ho(z),
z1hy(z) = s(x).

First six polynomials are

Yo(z) =1, hi(z) =z — V3,
() = 2” + 2, s(z) =2 +z +iV/3,
¢4(aj) :'734 _i\/§$3+17 ¢5(aj) :$5+2$27

and forn > 6 ,(z) = 23,_3(x) — Yn_e(x).
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The above polynomials are orthogonal in a sense

(Pm(2), Yu(2))12(p,y, = (=1)"0mn

with respect to complex-valued measure p = pgise+ ficont- The support

D of this measure are given on the Fig.1.

Figure 1: Support D of the measure p

The discrete part pg;s. of the measure p is concentrated at the points

U 2
2p = V2e'51P3) p =05  with loads 0p=—, (p#3); o03= —%.

N
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The continuous part fi.on: of the measure i is concentrated in the

set of rays

R =| | Ratotnss, k=0,1,2
where by I3 we denote the ray, passing through the origin of the
complex plane at an angle (3 to the real axis.

The density function f(y), = = €'y, of fcons defined on the ray
R, with a =0, :I:%” is equal to

2 vai Y ai y’ 4—qy°
f) = (~1+ Gera Lo ) o o g i)

where x(, 4 is the characteristic function of the segment [a, b].
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The moments of the measure u equals to

fons1 = 1(—=2)"V3, n >0
k-1

fion = (k) = (—=2)" + (=2)"7 (1 = bx0) Z(—Q)g(k_s)cs + 059,
s=0

where n =3k+ 45,k > 0,5 =0,1,2, and ¢; = % are Catalan

numbers.

Note that N-symmetric polynomials splits into /N series of polyno-
mials. In considered case (N = 3) we have three series

2

{al@)hiZy = | {bsmar@) ozl

k=0
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We find that

1) Differential equations for polynomials are distinct for different
series. These equations are of 2-nd order with different polynomial

(k) _

coefficients; In the case N = 3 the differential equation for yy,’ =
Yamar(x), M >0, k=0,1,2, has the form

AWy 8 (1) 1 BE B (1) + By (z) = 0, (6)

where A,(ff), B,(f), C’,gf) are polynomials in z of 11, 10 and 9 degree

respectively, given by
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A0 — _g(4z — 6) [(m +iV3)(2® 4+ 2 +ivV3)+

z? , 3(m + 1)z? +2
+%(2x+31\/§)+ ( ) ] :

3Imax?

BY = (n;;lmg +x+ ’L\/g) [(8 + 7x6)(%m3 + x4 iV3)+

+(4 — 2% (2 + g(m + 2):1:2)] + 5(8 + 72%)(m + 1)z°—

~0¥(m +1) (™20 (m - (e +i5)) |

4— 2573
6max?

2
CO) = (%x?’ + 1z +14V3) E(8+7x6)(m + 1)z’ —
—9z° (%(m + )(m + 2)x° +(m? — 1)(:13—|—’L\/§))] +
+ (1 + g(m + 1)x?) [(8 + 7x6)(%m3 +z+ivV3)+

+(4 — 22z + g(m + 2)x3] :
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AD = (4 — 29 [4 — 1 (z—iV3) (2m sy mt 1(a;—z'\/§))] ;

6ma? 2m m
2 1 1
B = (8 4 725) (1+ mE (m—i\/g)x3+m+ (m—i\/§)2)+
2m m
4 — 20 — 1
+ 2x 2wt + 2 Z\/§(3(2m+1)x3+4(m+1)x ;
m
1[ 84 7z° 4 — 20
O,S,P:m; [ r (m3+2(x—i\/§))+¥(3(3m—1)x2—4)—

—mﬁ(m—1+”€+%x—m@mﬁum+zmpw¢®ﬁ].

]

A = p(4 — 2% (2" + 2)”;
BY) = —(a” +2)(32° + 142° + 242” + 16);
) 8x(x® + 42° + 52% + 2) + 92°m(m + 2)(2” + 2)°.

3w 3

3

To obtain the diff.eq. from (6) with £ = 0, 1, and m = 0 it is need first

to multiply relation (6) by m and then equate m to zero.



MQFT-2010 pl1

2) Each of this series related to some generalized oscillator — "ele-
mentary” Chebyshev oscillator. We find the connection between repre-
sentations of the algebra of 3-symmetric Chebyshev oscillator and rep-
resentations of three algebras related to "elementary” Chebyshev oscil-
lators. This is just the compound model of generalized 3-symmetrical
Chebyshev oscillator.

3) Hopefully we can prove that the set D is the set of accumulation

0.@)

n—0 , but up to now we proved

points of zeros for polynomials {1, (z)}

this result only for the series with £ = 2.
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3. The support of the continuous part pi.,;

for the orthogonality measure .

It is known that investigation of the spectrum for the periodic Jacobi

matrix

oo
J=lail; g, @i = 0ibi; + b1,y + 0ima,j,

(where a;xy = a;, a; € C, N € N) is reduced to finding the eigen-

0 1 0 1
—1 A—al —1 )\—OJO .

It is clear that detT = 1 and o(T') = {1, po} with pg - po = 1

values 1 2 of the matrix

T:T(A):[O 1 ]

-1 A— anN_1

whenever it follows that |p||pe| = 1.



MQFT-2010 p13

There are two variants:

1) |p1| <1, |p2| > 1 — this is, as it is called, "hyperbolic” case. In
this case the matrix J has not continuous spectrum but only eigenvalues
of finite multiplicity.

2) |u1] = |pe] = 1 — this is what is known as "elliptic” case. In
this case the matrix J has only a continuous spectrum the boundary
points of which are defined by condition |p1| = |p2| = 1.

In this talk we consider only the "elliptic” case, that is we describe
only support of ficont.

Eigenvalues ;5 for 7" are the roots of the equation
det (T —pl) =0 or pu?—TrTpu+1=0.

Then

1 1
H12 = iTrT + \/ZTIZT — detT'.
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If we denote

. : 1
H1 = 62991, K2 = 61992, & = §TIT

then we obtain

1

7= (m+ ) =

> (ei@l + 6“’92)

DN | —

Now we have

1 .
ZTrQT —1=22—1=(u —2)? = —1=—¢1tw)

and hence, |
o1+ =0, z= §T1"T = COS (V1.
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A. N =3. We have Tr T' = \* and from (7) it follows that

A3 = 2cos .

Thus the maximal value of |>\3| is obtained when ¢, = 0; 7. It gives

the boundary for continuous part of the spectrum

~

>\k — %eﬂkﬂ'/g, >\k — %ei@k-l-l)ﬂ'/g, k — O, 1, 2
We obtain the support of ficn given in the Fig.1 above.

Figure 2: Support D of the measure p once more
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B. N = 4. Jacobi matrix looks as

(A Ay 00 0
A3 A1 A, 0 O
J=10 A3 A; 4, 0 ---|, where
0 0 A3 A Ay ---

(% 1 0 0 0000 000 1)

10 1 0 0000 0000
Al_ 7A2: 7A3:

01 —2% 0 0000 0000

00 1 0 1000 0000

Related recurrent relations (3) for m > 1 takes the form

T Pam 41 (2) = Vagma1) 4 (@) = 20am i 1(2) + Yaim_)4x(2),

forall k=0,1,...,N —1;
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For m = 0 they looks as

$4¢0($) = Yy(x

First eight polynomials are
Yo(z) =1 th(z) =2z — 2
Po(x) = 2% — 2ix — 1;  a3(z) = 2° + —22;

For n > 8 we have

Un(T) = (2" + 2)n_a(T) — PYn_s(x).
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Let us find the eigenvalues p; for matrix 7" = T(\). In the case
N =4 we have

OJ():Q’L', a; =0, a2:—27}, asz =0, TI”T:2—|—>\4

From relation (7) have
24+ \*
Z =
2

Taking into account that maximum value of sin® ¢y is equal to 1, we

—cos; = A= —4sin? .

find the boundaries of the continuous spectrum of Jacobi matrix J

solving the equation A\* = 4e'™. This gives

A = V2e T, kE=0,1,2,3.
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Hence the support of the continuous spectrum is given on the Fig.2.

Figure 3: Support D of the measure p,,; N=4
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C. N = 5. The Jacobi matrix is

(A, A, 0 0 0
As Ay Ay 0 0
0 A A, Ay 0
0 0 As Ay Ay ---

where

=(00000

0000 1]
00000

00000
00000
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The recurrence relations (3) for m > 1 are

5135’(p5m+k( ) ¢5 m+1 +k( ) - Zf¢4m+k( ) + ¢5(m—1)+k(aj)7 (10)

for all k= 0:4 and for m = 0 are

z*o(z) = Ps(x) — Ps(e) — V5 (),
Y1 (z) = e(z) — tha(z) — V50 (z),
2 () = r(z) — (),

2°3(x) = Ys(z) — Yo(),

2°a(x) = o(x)
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First ten polynomials looks as

ho(z) =1 di(z) = =

Yo(x) = 2” — iz — 1;

3(z) = z° — ivbx? — 2x;

Va(z) = z* — ivbxd — 32 +ivhz + 1;
Us(z) = 2° + 23 — iv52® — 2z +iVb;
Ye(z) = 2° 4+ 2% — 1;

Ur(z) = 27 — ivba® — 2% +

Ys(z) = 28 — ivbz" — 220 +1;

Wo(z) = 2° — iv5ax® — 327 +iv5xb + 2°.

Note that for n > 10 the recurrent relations can be written as

Yu(@) = 2"%n_5(2) = Yu_10(2).
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From the relation Tr7 = A° we obtain as before \> = 2 cos ¢;.Hence,
the maximal value |>\5| is obtained for ¢y = 0, 7. This gives the bound-
aries of continuous spectrum for Jacobi matrix J

A = \5/§ei2k7r/5,

~

>\k _ \5/§ei(ﬂ'+2kﬂ')/5, L — 07_4

Thus the support looks as shown on the Fig.3

Figure 4: Support D of the measure p,,; N=5
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Remark. The investigation of the discrete part pgis. for N = 4
and N = 5 is not finished and we can only say that the support for
Laise 18 concentrated at eight (N = 4) or ten (N = 5) points which lies

on the circles having the center in the origin.



