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motivation: Separation of Variables

Let W(z) = ¥(z1,---,2n) IS eigenfunction of a quantum integrable system
Expand ¥(z1, - -, zx) into a basis of eigenfunctions of another(auxiliary) integrable system

W(z) = [ Uz QG0 ux) 4

Separation of variables « factorization of Q(x): Q(x) = Q(z1)Q(z2) - - - Q(x )
U U(z,x) can be constructed iteratively and Q(x) is solution of Baxter equation [SKlyanin]

main example

U integrable system: XXX spin chain Sy, = 2,0, + ¢ ; S,j = zgak + 202 5 S, = —0Ok

Lk:(u):( U;-;Sk u*ik_Sk > ;T(U):Ll(U)---LN(u):< éii; ggz; >

t(u) =trT(u) = A(u) + D(u) =2-u” +uV "2 . qo+uV "2 g3+ -+an ; [t(u),t(v)] =0

ar¥(z1, - ,2N) = @Y (21, -, 2N)
U auxiliary integrable system [B(u),B(v)] =0 ; x=z1, - ,zNn_1

B(uw)U(z,x,p) =p(u—x1)--- (u—2xn_1) - U(z,x,p) ; S U(z,x,p) =p-U(z,x,p)

[J Baxter equation
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examples and plan

(Q-operators < R.Baxter

Baxter, Bazhanov, Stroganov, Lukyanov, Zamolodchikov, Volkov, Faddeev, Kashaev, Pasquier,
Gaudin, Pronko, Smirnov, Korff, Sklyanin, Kuznetsov, Salerno, SD, Korchemsky, Manashov, Kulish,
Kharchev, Lebedev, Gerasimov, Oblezin, Bytsko, Teschner ...

SQOV:

[ quantum Toda chain: Gutzwiller, Sklyanin, Pasquier-Gaudin, Kharchev, Lebedev, Gerasimov,
Oblezin, Silantyev

L XXX spin chain: Faddeev, Korchemsky, SD, Manashov, Lipatov
[ g-deformed XXX spin chain: Manashov, Kirch, Bytsko, Teschner

L SL(n)-invariant spin chain: Sklyanin, Smirnov
Plan: algebraic part — demonstration of the connection: R - matrix <~ U(z,x,p) < Q-operators

U principal series representation of SL(2,C)

U solution of general Yang-Baxter equation and its factorization

LI factorization of general transfer-matrix into Q-operators

U iterative diagonalization of B(u) [SD,Korchemsky,Manashov]

U repetition of all steps except last ones for SL(n,C) [SD,Manashov]
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representations of GL(2,C)

1 0 hi11  hi2 a b
z = ; h= , 9=
z 1 0 hoo c d

main construction: representation with labels (o1,02) and (61,62), o — o € Z
g '-z=7"-h ; T(g)®(z) = [h11]"* T - [h22]72T2 - B()

2] = 29 - 2% = |2]?® . 2~2, where z and z are complex conjugate, buta — a € Z

explicit formulae:

—1 d—b b
—C az
c d z 1 1, 1 0 e

T(g) (I)(sz) - [ad— bc]l_al . [d_ bz]dl—az—l & (—C+az —C—I—az)

d—bz d—bz
intertwining operator: representations (o1, 02) and (o2, o1) are equivalent

q. T(Jl"’?)(g) — T(Gz,dl)(g) 'S S=(i9,)1792 (7385)&1_52 = [i0,]71 72
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representations of GL(2,C)

generators: g = 1 + € - e;1

T(g) ®(2,2) = ®(2,2) + (€ Ejp + - Bip) ®(2,2) + - -

Ei1 =20, +1—01; E12 =220, + (1 —01+4+02)z; Ea1 = =0, ; Bag = —20, — 02

commutation relations

L-operator
u -+ Eqq Eoq 1 O U — o1 —0, 1 0
Eqo u + Eao z 1 0 U — 09 —z 1

natural combinations w; =u — o1 ; us = u — o2
intertwining operator exchanges parameters in L-operator

S =1[i0,]712 = [i0,]"2~ "t ; [i0:]"?7 "' - L(u1,u2) = L(ug,uy) - [10,]"2 "1
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principal series representations of SL(2,C)

ad — bc = 1 — only differences o012 = 01 — o2 and 612 = 61 — G2 enter

T(g) ®(z,2) = [d—bz]71271 . & (

unitary representations: representation with labels o012 = — & + i\ ; 712

5+iA;n€Z, NeR

(P1]P2) :/d2zq)1(z,2) P2(2,2) 5 (T(9)P1|T(g)P2) = (P1|P2)

intertwining operator is unitary

n __

S = (i0,) "2 T (407) 2 T = 8T = (19:) "2 7 (49,)2 T =81

symmetric labels: labels (o1, 02) and (o1 + o, 02 + o) correspond the same representation of
SL(2,C). We fix the freedom by condition o1 + o2 = 1.
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Yang-Baxter equation

general Yang-Baxter equation

Ri2(u — v)Ris(u)Rasz(v) = Rasz(v)Ri3(u)Riz2(u — v)
defining relation

Ri2(u — v)L1(u)La(v) = La(v)L1 (u)Ri2(u — v)

it is useful to extract permutation: Ris = PioRi2 , Pio D(z1,22) = P(22, 21)

f{(u —v) Ly (u1,u2) La(vi,v2) = L1 (v1,v2) La(u1,u2) f{(u —v)
permutation group &4 of four parameters: u = (v1, v2, u1, u2)
s — R(u —v); s(vi,ve,ur,u2) = (u1,us, v, v2)
generators of &4 — elementary permutations s, so, s3
siu = (v2,v1,ur,u2); seu = (v1,u1,va,u2); ssu = (vy,va, u,u1)
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Yang-Baxter equation
correspondence s; — S;(u) ; s;s; — S;(s;u)S;(u)

S1
(01, 02, ut, u2) : S1(u)La(v1,v2) = La(v2, v1)S1(u)
S2
(v1 m, u2) : Sgo(u)Li(ui,us) La(vi,v2) = Li(ve,u2) La(vy,u1)S2(u) .
Ss3
(v1, 2,71+ w2) : S3(uw)Li(u1,us) = L (uz,u1)S3(u)
S1(u) = [i02]727° 5 Sa(u) = [z12]"1 772 ; Sz(u) = [i01]" 7"
defining relations for generators of permutation group &4

quadratic relations are simple

s181 =1 — Sl(slu)Sl(u) = [i@Q]v2_U1 . [i@g]vl_vQ =1

qubic relations reduce to star-triangle relation  [¢9]® - [2]2T? - [:8]° = [2]° - [i9]*T0 - [2]® [Isaev]
$18281 = S28182 — S1(s2s1u)S2(s1u)S1(u) = S2(s152u)S1(s2u)S2(u)

[202]"1 772 < [212] " T - [i02] T = [212] 72T - [202] 1T - [212] M T2
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Yang-Baxter equation

S = §9818389 — R(u — v) = Sa(s18352u)S1(s3521u)S3(s2u)S2(u)

[212]"2 771 [i02] "1 771 [101]"2 772 [212]"1 T2

G4 — 69 X 69

useful decomposition on permutations uy « vy

s = 525152 - 528352 = 172 — R(u — v) = R1(r2u)Re(u)
P = spstsn — Ri(w) = [212]"2 1 [i8]"1 701 [21]"17%2,
ro = 528352 — Ro(u) = [212]%27 %1 [101]%27 V2 [210]"1 "2,

defining equations
Ri(u) L1 (u1,u2) La(vi,v2) = Li(v1,uz) La(u1,v2) R1(u)

Ra(u) L1 (w1, u2) La(v1,v2) = Li(u1,v2) La(v1,u2) Ra(u)

/I’,_\
nLr, =nr
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Yang-Baxter equation
relations in the more complicated case: Lj(u1,u2) La(v1,v2)Ls(wi,ws2)

T4T1 = T1T4 < R%2(r1u)R%3(u) = R%3(7“411)R%2(‘1)

r2Tr3 = 1r37r2 > Rgg(TSU)R%Q(U) = R%z(mu)R%s(u)
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Factorization of general transfer matrix

Tp (u) = tI‘VO Rlo(u)Rgo(u) ...Rno (’LL) ; P = (,01, p2)

commutativity: Tp(w)T,(v) =T,/ (v)Tp(u)
factorization: Tp(u) = Qi(u+p1)-P-Qa(u+p2) ; PP(z1, - ,2n) = (2N, 21, - 2N—-1)
Q2(u) = try, P1oRig(u) - P2oR30(u) - - - PnoRRo(w),

Q1 (u) = try, P1oRig(u) - PooRag(u) - - PyoRpyo(u)
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connection between Q-operators and degeneration points

connection between Q-operators
Qi1(u) = Q1(u1,u2) ; Q2(v) = Qa(v1,v2)

QQ(ULUQ) S=S- Ql(UQ,ul) ;S = [7:81]”1_“2 - [Z'(‘)N]Ul—uz

degeneration points for R-operators

R1(u)] =1; Ra(u) —1

v1=u1 V2=uU2

Ri(u) = Rp(W),—g — Ri(u)l,_y, =1

U=0

degeneration points for Q-operators
Qi(o1) =P7'; Qa(o2) =P~
degeneration points for transfer matrix
Tp(u) =Qi(u+p1) - P-Qa(u+ p2)

py = (01 —u,02+u); p1 = (01 +u,02 —u)
Tp,(u) = Q2(2u+02) ; Tp, (u) = Q1(2u + 01)

commutativity

[Q1(u), Q1(v)] = [Q1(u), Qz(v)] = [Q2(u), Q2(v)] =0
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Baxter equation

defining equation for the operator Ra(u)

Ro(u) Ly (u1,u2) La(vi,va) = Ly (u1,v2) La(vi,uz) Ra(u) ; [Ra(u),z2] =0

L1<U>ZZ1'< 01 u21>°z11§L2(U):Z2'< 01 U22>-221;Zk:<zk 1)

R R —R 0
Z1 ' Ra(u) Ly (ur,uz) Zo = ( 2(Wlyy—uy 1+ v2R2(w) A )
up—up—1

—V2 212 RQ (u) (u1 — ’UQ)(’LLQ — ’Uz) . Rg(u)|

Baxter equation

PioR? 1 —PoR?
ProR2, (u) Lk(ul,UQ):ZO-< koRgo(u+1) kORkO(u))akl) ) 7!

0 Ul U2 PkORzO (u —
Q2 (u) = try, P1oRTg(u) -+ - PnoRAg(w) 5 t(u) =trLi(u)La(u) - Ly (u)

t(u)Qz2(u) = Qa(u+1) + (u1u2)™ - Qa(u—1)

MQFT 2010 St.Petersburg, 2010 - p. 13/24




iterative diagonalization of B(u)

S_U(z,x,p) =p-U(z,x,p) ; Blu)U(z,x,p) =p-(u—x1)(u —x2) - (u—2Nn_1)U(z,%, D)

defining property of operator R»
An(u) = R%2(U)R%3(u) T R%\T—l,N(u)
An(u) - L1 (u1,u2) Lo (u1,u2) - - Ly (u1,v2) = L1 (u1,v2) L2 (u1,u2) - - - Ly (u1,u2) - Ay (u)

applying to function W(z; - - - zy_1) which does not depend on z

Ul 0 1 0
Ly (u1,v2) — ; Li(ui,v2) = _ Ly (w1, u2
N ( ) ( ('U,l — V9 -I— 1) CZN V9 ) ( ) ( 21 - u2u21)2 ,Z_z > ( )

(Ava) Byaw ) gL " 0 ) _
An (u) < Cn_1(u) Du_i(u) ) V(2 N—1) < (w1 —vs +1) -2 s >

( N 1 0 ) ( AN(U) BN(U) )AN (u)qj(zl"'zN—l)

a7 Cn(u) Dn(u)

relation (12)
By(u) Ay () W(z1---2y-1) =v2- Ay (u) - By_1(uw)¥(z1---2n_1)
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iterative diagonalization of B(u)

usual notations with spectral parameter

r=ve—u ; An(z)= R%Q(SU)Rg:),(-T) T R?\T—l,N(x)

By (u) - AN(2)U(21--2n—1) = (u—2) AN (z) - By-1(w)¥ (21 2n-1)
iteration
By (w) - A (1) As(en_1)¥(21) = (w—a1) - (w—z5_1) - By () - U(z1)
A(z) = Ria(z)R33(z) - - Ry 4 ()
one-point operator
Bi(u) = —01 ; Bi(u)e P*1 =p.e P*1

answer
B(uw)U(z,x,p) =p- (u—z1)(u —x2)--- (u—2zn_1)U(z,%x,p)

U(z,x,p) = An (1) -+ A2(zn—1)e” P!

connection with Q2-operator

Qa(z) = R%Q(ZU)R%?)(CC) e R?\,_l’N(a})R?\,,O(CL’) Uz, x,p) = Qa2 (1) Qa2 (xn_1) e P

zZp=%1
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representations of GL(n,C)

(10 0 ... 0) (P11 hiz hiz ... hin \
221 1 0 . 0 0 hoo h23 . hon
7 — 231 2392 1 ce 0 : h — 0 0 h33 ce hgn
\znl Zn2  Zn3 ... 1) \ 0 0 0 . hn,n)
main construction: representation with labels o = (01,--- ,opn) and & = (1, -+ ,0n),

O — Ok €7

g liz=72"h ; T(9)®(z) = [h11]" T [h22]"2 T2 [hnn] 7" " - D(2)
intertwining operators: representations o and o, = s;. o are equivalent

ST = T°*S,; k=1,---,n—1

Sk (...O'k,O'k+1,...) == (...O'k;_|_1,0'k,...)

, 0 n 3]
Sk = [iDg]7F*+t ; D = —— + E Zm k41
Ozkt1,k 5o Ozmk
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representations of GL(n,C)

L-operator: L(u) = u + e;xEg;
explicit formulae for GL(3,C)

u+ Eqq Eoq |DES
L(u) = Ei2 u + B2 Ei32
E13 Eos u + Ea33
—1
1 0O O u— o1 —D; —0z5, 1 0
L(u) = 291 1 0 0 U — 09 —Do 291 1
z31 232 1 0 0 u— 03 Z31 232
Dl — 0221 + 23282’31 ) D2 — a2:32
general structure
diagonal: w—o1,u—o092,--- ,u—0n <> UL, U2, " ,Un
next diagonal: —Di,—Dso,---,—D,_1
intertwining operators S;, exchange parameters in L-operator
Sk = [ka]uk+1_uk ; Sk L(ul, ey U, U1, " un) = L(ul, ey U441, Uk, " un) Sk

MQFT 2010
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Yang-Baxter equation

defining relation

~

R(u —v)Li(uy - un)Lo(vy - -vn) =Li(vy -+ o) La(ug -+ - up) f{(u —v)

permutation group Ga,, of 2n parameters: u = (vi, -« ,Un, UL, -, Up)
~ S
s—R ; (v1,.-..,Un, U1, ., Un) — (Ul,. ., Un,V],...,Vpn)
S1, ", Sn—1 Spg1 5, San—1
(%1 A T A ’LL\)'S].C— 1® Sy, k=1,...,n—1
o o o n e o o n b
’ T ’ ’ ’ Skern®1, k=n+1,....,2n—1

SkLQ(’Ul,...,’l)k,’ljk_|_1,..-fvn) :L2(U17"‘7/1)]{17,1)]{3—'—17...1)77;)8]{} ; k‘: 1...n_1

Sp—kLi(ut,...,ug, Uks1, - Un) = Li(ur, ..., uk41,Ug, " Un)Sp—x ; E=n+1---2n—1
Sn
—
(V1. ey Uny ULy ey Up).
Sn Li(ui,ug, ... ,un)La(v,...,vn—1,vn) = Li(vn,u2,...,un) La(vi,...,vn—1,u1)Sn .

1
_ — v, _ 1 0 1 0 1 0
S = [ 1) 5 i = _
n zo 1 z1 1 z1 —z2 1
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Yang-Baxter equation

defining relations for generators

Sk (sku)Sg(u) =1
Si(sku)Sk(u) = Sk(siu)Si(u) X |Z — k| > 1

Sk (51156 W)Sk+1(sku)Sk(u) = Spr1(SkSk+11)Sk(Sk+11)Skr1(u)
useful decomposition on permutations uy < vi: Gayp — G2 X -+ - X Ga
(ULy ooy Uy ooy Uy ey Un) SLR (ULy ooy Uy oo ey Uy e ooy Un,)
RirLi(ui...up...un)lo(vy .. v ...vn) =Li(ur .. .0k ... un) Lo(vy ... ug ... vn) Ry
R = (Snak—1---Sn+1)(Sg---Sn—1)Sn (Sn—1..-Sg) (Sp+1---Spax_1)

factorization of R-operator and relations needed for factorization of transfer-matrix

R(u) =Ri(r2---mpu) ...Ry_1(rnu)Ry(u)
Ry (u) Rb3(u) = Rig(u)RYy(u) ;5 k >
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Factorization of transfer matrix and degeneration points
factorization of transfer-matrix
Tp(u) = tryy Rio(u)Reo(u) ... Ryo(uw) 5 p= (p1,-+ , pn)

Tp(u) = Qi(u+p1) -P-Qa(u+p2) - P-Qn(u+pn)
Qk (u) = try, P1oRfo(u) - P2oR5y(u) - - - PnoRo(w)

degeneration points for R-operators

Re (W), —o,, =1
Ri(u) = Re(w)l,—g = Ri(u)ly—s, =1
degeneration points for Q-operators
Qk(ox) =P~
degeneration points for transfer matrix
pr. = (01 —u,00 —u,--- ,op+u-(n—1),--- ;on —u)

Tp, () = Qg (nu + o)
commutativity

Tp ()T (v) = Ty (0)Tp () = [Qi (), Qi (v)] = 0
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Baxter equation

defining relation for R,

ro(w) L (ut, ..., un) Lo(vi, ..., vn) = Li(ut, ..., vn) Lo(vi, ..., un) Rgg(u)

at the point v,, = 0 can be rewritten in the form

all aio A1ln
a1 a2 ... a2n .
ProREo(u) Lg(ut,...,un) = Zo - _ . : : -Zyg
0 0 u1---un-Pk0RZO(u—1)

transfer matrices

T(u) = Li(u)---Ly(u)
tp(uw) =trp A Tr(uw)To(u+1) - Tr(u+k—1)

Ay, - anti-symmetrization of k indices and trace in ®*C"
explicit formulae

bib L sign(p) b2 . sbk
(A )a11a22 a Z( ) I 529(@1) p(az) 5p(ak)
tr(u) = Z Z(_)Sign(p) Tpar)as (U)Tp(cu)az (w+1)-- Tp(ag)ay (u+k—1)

a1 <ao<...<ap P
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Baxter equation

examples of Baxter equation

Aw) = (w1 un)™ 5 tn(uw) =A(u+n—1); Qu) = Qn(u)
A(u+1) - Qu)ti(u) — Qu+ )t2(u) = A(u)A(u+1) - Q(u—1)
Qu)t1(u) — Qu+1) = uy up - Q(u—1)
A(ut1)A(u+2)-Qu)t1 (u) —A(ut2)-Qut1)t2 (u)+Q(u+2)ts (u) = A(u)A(u+1)A(u+2)-Qu—1)

Au+1) - Qu)tr (u) — Q(u + D)ta () + Qu+2) = A(wA(u+1) - Q(u— 1)

in the general case all can be packed in one formula

trp An [eau T1 (u) — Au + n)] [eau To(u) — Alu+n — 1)} [eau Ty (u) — A(u+ 1)} Qn(u) =0

A, - anti-symmetrization of n indices and trace in ™ C"™ [conjectured by Chervov-Talalaev]
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fusion relations

L' For integer points: pr — pr+1 € N the representation with label p is not irreducible: in
infinite-dimensional space V,, there exists finite-dimensional invariant subspace.

L Transfer-matrix with this finite-dimensional auxiliary space t, (u) can be expressed in terms of
Tp(u)
tp(u) = Z(_)Slgn(p) - Tpp(u) 1)
b

where pp = (pk,; Pky - * Pk, ) IS Permutation of (p1, p2 - - - pn). The sum is over all
permutations.

[ The factorization of T, (u) into product of Q-operators leads to the following determinant
representation for t, (u)

Qi(u+p1) Qa(ut+p1) -+ Qn(u+p1)

tp(u) _ pr—1. Qi(u+p2) Qa(u+p2) - Qn(u+p2)

Qi(u+pn) Qa(utpn) - Qn(u+pn)
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conclusions

U simplest building block — operator R,, (u) which interchanges u,, < vy,

Ryp(u) Li(ut,...,un) Lo(vy, ... on) = Li(ut,...,vn) La(vi, ..., un) Rp(u)

U Ryp(u) < Q-operator «— U(z,x) - transition operator to the SOV-representation

W(z) = [ Uz Q@0 ux) 4

L The last step is still missing for SL(n, C).
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