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Conformal Quantum Theories in D=4
Conformal Quantum Theories in D=4

@ N=4 Super Yang-Mills Theory - UV Finite to all loops

@ N=2 Super Yang-Mills Theory - Only one-loop UV divergences
UV Finite if
> T(R) = Cx(G)
R
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Conformal Quantum Theories in D=4
Conformal Quantum Theories in D=4

@ N=4 Super Yang-Mills Theory - UV Finite to all loops
@ N=2 Super Yang-Mills Theory - Only one-loop UV divergences

UV Finite if
> T(R) =
R

@ N=1 Super Yang-Mills Theory
One-loop UV finiteness

Z T(R) = 3Cx(G), YuY¥ =4lCy(R), forallR
All loop UV finiteness via PT expansion

[e.e]
_ n ~2n+1
Yik=>_ Cixg
n=0

D.Kazakov (JINR) From UV to IR Finiteness 18-22 October, 2010 3/25



Conformal Quantum Theories in D=4
Conformal Quantum Theory in D=4

D.Kazakov (JINR) From UV to IR Finiteness 18-22 October, 2010 4/25



Conformal Quantum Theories in D=4
Conformal Quantum Theory in D=4
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Conformal Quantum Theories in D=4
Conformal Quantum Theory in D=4

@ No-scale classical theory, no mass parameters

@ Conformal anomaly ~ g-function =0

@ Absence of UV divergences in gauge invariant quantitites
@ Absence of charge renormalization

@ No-scale quantum theory — gauge invariant green functions have
canonical dimension and are functions of dimensionless
arguments
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N=4 Super Yang-Mills Theory

@ N = 4 Super Yang-Mills theory is the most supersymmetric theory
possible without gravity
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g Ll Uiz
N=4 Super Yang-Mills Theory

@ N = 4 Super Yang-Mills theory is the most supersymmetric theory
possible without gravity

@ Field content: 1 massless gauge boson, 4 massless (Majorana)
spin 1/2 fermions, 6 real (or 3 complex) massless spin 0 bosons
All fields are in adjoint representation of the gauge group (Take

SU(N))
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g Ll Uiz
N=4 Super Yang-Mills Theory

@ N = 4 Super Yang-Mills theory is the most supersymmetric theory
possible without gravity

@ Field content: 1 massless gauge boson, 4 massless (Majorana)
spin 1/2 fermions, 6 real (or 3 complex) massless spin 0 bosons
All fields are in adjoint representation of the gauge group (Take
SU(N))

@ The theory is exactly scale invariant, conformal field theory at
quantum level, i.e. the j function identically vanishes at all orders
of PT
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Gluon scattering amplitudes

All outgoing gluons with helicity + or -
on mass shell
In the leading N order (planar limit)

(n*)
@ Colour decomposition of amplitudes in N=4 SYM theory for N; — oo
) n2,9°Ne () 20\ 4
.An =g (167T2) Z Tf'(T ,...,T )An (aU(1),...,aU(n)),

perm

where A, - physical amplitude, A, - partial amplitude, a; - is color index of i — th
external "gluon”
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Gluon scattering amplitudes

All outgoing gluons with helicity + or -
on mass shell
In the leading N order (planar limit)

(n*)
@ Colour decomposition of amplitudes in N=4 SYM theory for N; — oo
) n2,9°Ne () 20\ 4
.An =g (167T2) Z Tf'(T ,...,T )An (aUU),...,aU(,,)),

perm

where A, - physical amplitude, A, - partial amplitude, a; - is color index of i — th
external "gluon”

@ Maximal helicity violating (MHV) amplitudes (two negative helicities and the rest
positive) have observed a simple structure on tree level (and even in loops) and
one can speculate that this is the consequence of SUSY
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PT Weak coupling case: All loop result
Perturbation theory

@ Bern, Dixon & Smirnov's conjecture: MY (g) = AP /AD)

N = (PN
Mo=1+ Z (?6 S)M(“ €)= exp {Z (1967;) (f<’>(g)M£"(/5)+c(’)+E£’>(g))}
1=1

(e) = (e) + = (e) + £ (e)
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Gluon scattering amplitudes PT Weak coupling case: All loop result

Perturbation theory

@ Bern, Dixon & Smirnov's conjecture: MY (g) = AP /AD)

N oo 2N )
Mo=1+ Z <1ge S)M(“ e) = exp {Z (1QG7T§> (f(’)(E)Mé”(lf)+C(’)+Eﬁ')(€))}
=1

(e) = (e) + = (e) + £ (e)

]
B 1 oo ggNC 1 0] °G n l,L2 le
(€)= eXp{ 4;(167#) e ) L s,,+1>
1S (NG
12 (fe) v,&“Fn(”(m]
/=1
o

F{(0) = 7Iog( l’>+442

D.Kazakov (JINR) From UV to IR Finiteness 18-22 October, 2010

7125



Gluon scattering amplitudes PT Weak coupling case: All loop result

Perturbation theory

@ Bern, Dixon & Smirnov's conjecture: MY (g) = AP /AD)

N oo 2N )
Mo=1+ Z <1ge S)M(“ e) = exp {Z (1QG7T§> (f(’)(E)Mé”(lf)+C(’)+Eﬁ')(€))}
=1

(e) = (e) + = (e) + £ (e)

]
_ 1T (PN [ 260\~ 2 "
Ma(e) = eXp|: 4;(1671—2) (l6)2< le 12:1: —Si,i+1
o / [ [
+1Z (gch) w(’)F(”( )] Cusp anomalous dimension
4 1672 ) K7

/=1

o

F{(0) = 7Iog( l’>+442
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PT Weak coupling case: All loop result
Cusp anomalous dimension

@ Cusp anomalous dimension appears in RG eq. for the expectation value of a
Wilson line with a cusp

o I
Loop expansion K=, (?;’:’5) 7
1=1

A =4, 42 = 8¢, 4P =88, ...
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PT Weak coupling case: All loop result
Cusp anomalous dimension

@ Cusp anomalous dimension appears in RG eq. for the expectation value of a
Wilson line with a cusp

o I
Loop expansion K=, (f;i’i) 7
1=1

A =4, 42 = 8¢, 4P =88, ...

@ Classical solution (Alday & Maldacena) for the scattering amplitude

V2N, 1—log2
vk (gP) ~ g 2, Go(gz)w\/ﬁTog, for ¢?Ne: — oo

™
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PT Weak coupling case: All loop result
Cusp anomalous dimension

@ Cusp anomalous dimension appears in RG eq. for the expectation value of a

Wilson line with a cusp

=) 2 /
Loop expansion K=, (feili) 7
1=1

A =4, 42 = 8¢, 4P =88, ...

@ Classical solution (Alday & Maldacena) for the scattering amplitude

vV G*N 1—log2
vk (gP) ~ g 2, Go(gz)N\/ﬁTg, for ¢?Ne: — oo

™

@ All orders proposal for v« by Beisert, Eden & Staudacher from integrability
requirement consistent with weak and strong coupling expansion
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PT Weak coupling case: All loop result
Violation of BDS ansatz

@ For n= 4,5 the BDS ansatz goes through all checks, namely the
amplitudes were calculated up to three loops for four gluons and
up to two loops for five gluons.
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PT Weak coupling case: All loop result
Violation of BDS ansatz

@ For n= 4,5 the BDS ansatz goes through all checks, namely the
amplitudes were calculated up to three loops for four gluons and
up to two loops for five gluons.

@ However, starting from n = 6 it fails.

» In the strong coupling calculation in the limit n — oo discrepancy
with the BDS formula was found.

» Starting from n = 6 the Regge limit factorization of the amplitude in
some physical regions fails. This was also shown by explicit
two-loop calculation.
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Formfactors of gauge invariant operators

F(py", P32, ... pp) =< 0|O|p}!

Local operator

v

oo A
P5%...pp" >

Using N=1 superfield notation for chiral and vector fields

D.Kazakov (JINR)

Tr(®/dy), 1 # J
Tr(e79V®'e o)), 1 £ J
Tr((%1)"),

Z He 9V o/edVd)).
/
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Exponentiation of IR divergencies in 1 and 2 loops

F(p1-..pn) = Firee(p1 - - - pn)(1 + loops)

f
= (1 + loops) = YA VIO
7= ps) /Z;(g c)

M =

2

M:EXp[Z ( S//+1/N )>+O()

2Nc : 7£Bsp G0 Sii fe
U] 2hit1

Si,i+1=(Pi+Pis1)?

(1 + finite).
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Exponentiation of IR divergencies in 1 and 2 loops
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Exponentiation of IR divergencies in 1 and 2 loops

Y CIJ
Collinear anomalous dimension G(Y) = 0, G® = —7((3)
Finite terms C(") = ¢(2), C? = 0, finite = 0
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Exponentiation of IR divergencies in 1 and 2 loops

Y CIJ
Collinear anomalous dimension G(Y) = 0, G® = —7((3)
Finite terms C(") = ¢(2), C® = 0, finite = 0

@ 0N n>2
Collinear anomalous dimension G(Y) = 0, G = ¢(3)
finite2= 0 And in general DOES NOT exponentiate
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Exponentiation of IR divergencies in 1 and 2 loops

Y CIJ
Collinear anomalous dimension G(Y) = 0, G® = —7((3)
Finite terms C(") = ¢(2), C® = 0, finite = 0

@ 0N n>2
Collinear anomalous dimension G(Y) = 0, G = ¢(3)
finite2= 0 And in general DOES NOT exponentiate

@ However, In Regge limit

2
1 N
log(M) = ~2 {;(16#)& . (62 + 2C2)

2 12
+Z”: A 2 p2 , [42¢ +3log” g2 L 28
167?2 S, i1 96¢2 8¢

1 4 S12
—2880(5Iog +120Iog S1a —317xn ))}
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Cancellation of IR divergences
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Cancellation of IR divergences

@ How and where the IR divergences cancel?
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@ How and where the IR divergences cancel?

@ What is left after cancellation of IR divergences?
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Cancellation of IR divergences

@ How and where the IR divergences cancel?

@ What is left after cancellation of IR divergences?

@ Which quantities (S-matrix elements, x-sections, etc) might have a
simple (exact) solution?
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From partial amplitudes to cross-sections

To obtain the cross sections from partial amplitudes one has to compute the square of
them. In the the planar limit it is just:

+ +\ _ 2n— 4 g Ne %N, 2/
¢n(p1 7-~~7pn)— 167T ZA
colors
2n—4 N n—2 2 gch 2/ 0) 2
29" NGE (NG = 1) (35,2 > 1AV (@s (1), -+os Bo(n1), an)|

Y
perm

Then the cross-section is

da'n(pin) = <1>'7(p1i7 7pni)d¢k7

where d¢y is the phase space of the outgoing particles:
do ~ 6°(Pin — Piin)Sn H 5% (p)d"px,
k

Sn - is the measurement function and integration goes over D = 4 — 2¢ dimensions.
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Cancellation of IR Divergences Virtual Corrections

2 x 2 gluon scattering. Feynman Diagrams

e Tree level ;EV\A{ \:é:
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Cancellation of IR Divergences Virtual Corrections

2 x 2 gluon scattering. Feynman Diagrams

o Tree level ! s
et F

ﬁfgﬁ %fé

’\/\/\Aé\/VV\/ Ao =
|
W -V
+ permutations

D.Kazakov (JINR) From UV to IR Finiteness 18-22 October, 2010 15/25



Virtual Correction (MHV)
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Virtual Correction (MHV)

@ Born Term 0= cos0
o\ L PN S £ P) (1) | PN (i) 3+
), ~e&  wre  \s) " & \s) a-op
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Virtual Correction (MHV)

@ Born Term 0= 0080
do\ T PNESHS + 2+ ) (BT NG (N7 3+
@), “eE  wer  \s) B \s) (-oF

@ Virtual Correction
do )T GPNE (1EN fae S8 (0 (02
aQ ) . 8E2 \ s 2r s22u? | 22 \ V-t —u

2 2 2 2
DY+ I+ () + (20

+%7r2(sz+t2+u ) + 4P log?(—=> )+t log?(— )+s log?(— ))]}
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Virtual Correction (MHV)

@ Born Term c =cosf
& —f+i azNg 34(82—|—t2+u2) 'LLZ E_ aZNE liz ¢ 34¢2
aQ/,  8E? 222 s)  E2 \s) (1-c?)2

@ Virtual Correction

do ——++ a2N2 NZ € aN. S4 8 MZ . u2 oo
(de) T3 (?) {25 e [” (((ft) (208

virt

2 2 2 2
DY+ I+ () + (20

+%7r2(32+t2+u ) + 4(UPlog?(—> )+t log®(— ) 82|092(£))]}

o?NE (12\* [aNe [ 16 3+ +g 5+2c+ct)  1-0)
E2 \s or | 2 (1= @) d—c 93
16(3 + ¢®)n? 16 1— 1+c
31— o~ (= 9 )

+(c <> —c) ) +
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Cancellation of IR Divergences Real Emission

2 x 3 gluon scattering. Feynman Diagrams

@ Tree level

e e

x4
S P
e

~
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Real Emission
Real Emission
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Real Emission
Real Emission

@ MHV do \TTaNE (12\* aNe [ 18(3+c?)
dQ14 Born a E?2 S 2r g2 (1 — C2)2

1] 2 1—c 2 1+c 165(25—3)
*2;h1+@2m“ 2 )t oo ) Gy

12(34+¢%),  (1-9) .
+ (- cp log 5 + Finite part
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Real Emission
Real Emission

@ MHV do \TTaNE (12\* aNe [ 18(3+c?)
dQ14 Born a E?2 S 2r g2 (1 — 02)2

1] 2 1-¢ 2 1+c 166(26—3)
T {(1—1—0)2 005 ) + o 9 )t (i oy

12(34+¢%),  (1-9) .
1y log 5 + Finite part

@ Fermions
do \©THD_aPNZ [ 12\* aNe [ 16 [(79 - 25¢7)
dQ14 Real E2 S 2T £ 3(1 — 02)2)
2(3—c)? 1-c 2(3 +¢)? 1+c -
+(1_C)(1+C)3)Iog( 5 )+(1_C)3(1+C)Iog( 5 )| + Finite part
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Real Emission
Real Emission

@ MHV do \TTaNE (12\* aNe [ 18(3+c?)
dQ14 Born a E?2 S 2r g2 (1 — 02)2
1 1-c 2 1+c 165(20—3)

2
te {(1+c)2 109(57) + G5 97 @i oy
128+¢) . (1

; 5)] + Finite part}

. (1 —c?)?
@ Fermions
dO' (——+4q9) B OCZNE ,Ui 2e aNc E w
) g E* \'s 2 | ¢ | 3(1 —c2)?)
2(3 — o) 1-c 2(3 +0)’ 14c] ..
tTa—od +C)3)|09( 5 )+ T—cr(i10) log(—5—) | + Finite part
@ Sfermions
dO' (——+qd) B Oést ,U: 2e aNC § _M
4 ) pey ~ E2 \'s 2r e (1—c?)?
_35-¢, 1-c 35+¢c), 1+c »
(1+c)3 log( 2 ) (1—c) log( > )| + Finite part
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Splitting of Massless states

@ There are NO isolated massless asymptotic states!
@ Massless particle can split into two (or more) indistinguishable collinear particles.
@ One has to consider coherent states of parallel massless particles.
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Splitting of Massless states

@ There are NO isolated massless asymptotic states!

@ Massless particle can split into two (or more) indistinguishable collinear particles.
@ One has to consider coherent states of parallel massless particles.

@ Distribution function

2 €
0(2) = 312+ 5 (%) SR
J

Pj(z) - Splitting function, QZ - transverse momentum cutoff
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Splitting of Massless states
There are NO isolated massless asymptotic states!
Massless particle can split into two (or more) indistinguishable collinear particles.

One has to consider coherent states of parallel massless particles.
Distribution function

2 €
0(2) = 312+ 5 (%) SR
J

Pj(z) - Splitting function, QZ - transverse momentum cutoff
@ |Initial splitting

ini 1 2\ [T ini
dogiy" = 2= (g—) /0 dz " Pa(z) > doza(2pi, by, pa, i)™ (2)
f

T 2me . .
I=g,q,A 1,j=1,2; i#]
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Splitting of Massless states
There are NO isolated massless asymptotic states!
Massless particle can split into two (or more) indistinguishable collinear particles.

One has to consider coherent states of parallel massless particles.
Distribution function

2 €
0(2) = 312+ 5 (%) SR
J

Pj(z) - Splitting function, QZ - transverse momentum cutoff
@ |Initial splitting

ini 1 2\ [T ini
dogiy" = 2= (g—) /0 dz " Pa(z) > doza(2pi, by, pa, i)™ (2)
f

T 2me . .
I=g,q,A 1,j=1,2; i#]

@ Final splitting

in 1 2\ ¢ ! in
doPhin — el (%) dag_>2(p1,p2,p3,p4)/0 dz Z Py (2)S™(2)
f

27 €
I=g,q,A
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Gty Ceveziane
Initial and final state splitting (MHV)
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Gty Ceveziane
Initial and final state splitting (MHV)

@ |Initial

do (=—+++) OlzNg ,UZ € M2 €
(dQ14)InSplit = (?) (afz)
aNc{1{ 4(02+3)< 1-¢ 1+c>_8(02+3) 1-96

o \= | (1—cp 095 1o (-2 %975

3

165(20 — 3 -
_W} + Finite part}
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Gty Ceveziane
Initial and final state splitting (MHV)

@ |Initial
do (=—+++) OlzNg ,UZ € M2 €
(dQM)mSplit = (?) (afz)
aNg (1] 4(c®+3) 1-¢ 1+c¢\ 8(P+3), 16
2n {s {_(1—02)2 09 5 T8 5~ )~ e 95
160(26 — 3) -
_(—1 — (T 6)2} + Finite part}
@ Final

( do >(+++): azNg (/Lz)E <L2)E
a2y FnSplit E? S sz

aNe [ 14(c®+3), 1-0  _ .
o { R Epr=se log 5 +F|n|tepart}
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Spliting Corrections
Initial state splitting (Matter) (6 = 1)
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Spliting Corrections
Initial state splitting (Matter) (6 = 1)

@ Fermions

do. (——+4q9) B OCZNcZ; iZ 15 LZ 5 aNC E w
dQ14 InSplit o E?2 S Q? 2r S 3(1 — 02)2)
2(83-c¢)? 1-¢ 2(3+¢)? 1+c¢ - }
Ao+ 092 T A opa 1 gy 1095 )| + Finite part
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Spliting Corrections
Initial state splitting (Matter) (6 = 1)

@ Fermions

do )T 0PNE (1) (1) ale (16 (79 - 25¢)

dq InSplit - B2 S Q? 2r £ 3(1 7(;2)2)

2(3—0)2 1—¢c 2(3+C)2 14+¢ o
A—o)( + C)a)log( > )+ A= cPd +0) log( 5 )| + Finite part

@ Sfermions
d(f (7*4’&?]) B OézNg &2 € Lg € aNc § _M
d€4 InSplit = S 02 27 € (1 — 02)2

_?1(5+—C():3 Og(1 ; °y_ (1(5 + )C) | 9(1 ;C)} + Finite part}

+
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Infrared-free sets (for any arbitrary 0)
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Infrared-free sets (for any arbitrary 0)

AVHY _ 1( do >(++)+( do )(+++)+( do )(+++)+( do >(+++)
2\ v His ) pea 4/ nspir A4 ) paspi
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Infrared-free sets (for any arbitrary ¢)

o
AVHY _ 1( do >(++)+( do )(+++)+( do )(+++)+( do >(+++)
2\ v His ) pea 4/ nspir A4 ) paspi
o

gAntiMHY _ 1( do )(__++)+< do )(——++—)+( do )(——++—)+< do >(——++_)
2 \d4 ) vy U4 ) gea A4 ) jpspir A4 ) rspir
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Infrared-free sets (for any arbitrary ¢)

o
AVHY _ 1( do >(++)+( do )(+++)+( do )(+++)+( do >(+++)
2\ v His ) pea 4/ nspir A4 ) paspi
o

gAntiMHY _ 1( do )(__++)+< do )(——++—)+( do )(——++—)+< do >(——++_)
2 \d4 ) vy U4 ) gea A4 ) jpspir A4 ) rspir

o
CMatter_( do )(‘—+‘7‘7a5ﬁ>+( do >(——+aq,aa)+< do )(——+aq,aa)
4 ) pear U4/ nspi dQ4 ) easpir
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Infrared-free observables
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Infrared-free observables

@ Registration of two fastest gluons of positive chirality

AMHV 4 pAntiMHY
5=1/3 5=1
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Infrared-free observables

@ Registration of two fastest gluons of positive chirality

AMHY ‘ pBAntiMHV ‘

5=1/3 5=1
@ Registration of one fastest gluon of positive chirality

AMHV‘ LB

AntiMHV ‘ CMatter
5=1/3

5=1/3

6=1
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Infrared-free observables

@ Registration of two fastest gluons of positive chirality

AMHY ‘ pBAntiMHV ‘

5=1/3 5=1
@ Registration of one fastest gluon of positive chirality

AMHV‘ +B

AntiMHV ‘ CMatter
5=1/3

5=1/3

6=1

@ Anti MHV cross-section

BAnt/MHV ’ + CMatter
6=1

6=1
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Infrared-free observables

@ Registration of two fastest gluons of positive chirality

AMHY ‘ pBAntiMHV ‘

5=1/3 5=1
@ Registration of one fastest gluon of positive chirality

AMHV‘ +B

AntiMHV ‘ CMatter
5=1/3

5=1/3

6=1

@ Anti MHV cross-section

= Finite Part

BAnt/MHV ’ + CMatter
§=1

6=1

D.Kazakov (JINR) From UV to IR Finiteness 18-22 October, 2010

23/25



Infrared-finite Observables

The simplest IR finite answer so far (Qr = E)

: N=4 SYM Anti MHV

do

a®N?
dQ4

E2

(

) B { 3+
AntiMHV (

1- )

_aNe 2(0 +2¢%+4¢%+-6¢+19) log?(5°) N o(c —2¢%+4¢%-60+19) log?(4¢)
2 (1-c)?(1+0* (1—c)*(1+c)?
_g(@+1)log(15)l0g(15%) | 6x%(3" + 13) — 5(61¢ +99)
(1 - c?) 9(1 — c2)2
2(11c3+31c2—47c+1 33) log(*f) B 2(1103—3102—470—1 33) log(*3?)
* 3(1—c)(1+c) 31+ 0)°(1_c)?
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Summary

@ Factorization (exponentiation) of IR divergences takes place with
universal second order pole (cusp anomalous dimension) and
non-universal first order pole (collinear dim).
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universal second order pole (cusp anomalous dimension) and
non-universal first order pole (collinear dim).

@ The finite part factorizes only in simple cases both for the gluon
amplitudes and for the formfactors
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Summary

@ Factorization (exponentiation) of IR divergences takes place with
universal second order pole (cusp anomalous dimension) and
non-universal first order pole (collinear dim).

@ The finite part factorizes only in simple cases both for the gluon
amplitudes and for the formfactors

@ In observable cross-sections the IR divergences do cancel in
accordance with Kinoshita-Lee-Nauenberg theorem

doind — /dZ1 a1(z1, —5 2 )/dzzCk Z, —5 /dx,q,(x,, ks

X daz_m(21 p1, Z2p2, ... )Sa({2}, {Xx}) = g4 Z (1371’2) dgfinite(s’ t,u, Q’?)
L=0
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