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Analytial alulations in the higher orders of perturbation theory of
φ4-model meet with signi�ant di�ulties

• H. Kleinert, V. Shulte-Frohlinde, Critial Properties of φ4-Theories (2001).Numerial alulations an be an alternative to the analytial ones.Preision of numerial alulations onstantly inreases with theinrease of the omputational power of omputers.In this report we present the easy and e�etive way for numerialalulation of graphs in any order of perturbation theory. The onlylimitation of the usage of this tehnique is the omputational powerof available omputers.



The suggested method allows:
• Represent the pole residues of the graph as a onvergentintegrals
• Calulate graphs of any omplexity due to universality andeasiness of the method
• Perform a fully automated numerial alulation ofrenormalization onstants



Outline
• Demonstration of our representation for renormalizationonstants, and example of its appliation to 4-loop graph
• Argumentation of the proposed representation
• Pratial realization of R-operation suitable for numerialintegration
• Examples of graph alulation
• 4-loop results for exponent η in φ3 model
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We'll alulate renormalization onstants on the basis ofBogolubov's R-operation
Z = 1 + KR ′ΓHere

K � operation that separates singular terms
R ′ � inomplete R-operation, whih is related to R by R = (1 − K )R ′,and orresponds to substration of all divergent subgraphs of a givengraph.



The proposed representation of renormalizationonstantsLet us onsider a ounter term in n-loop approximation andrepresent it as a sum of two terms
Z (n) = KR ′Γ(n) =

2

nǫ
(NΓ(n) + J Γ(n)),

NΓ(n) ( determined as genuine part) is represented by an integral�nite at ǫ = 0, and ontributes to the �rst-order pole only.
J Γ(n) (high-order pole part) is onstruted of low-order graphs ofperturbation theory ( the high-order poles are determined by thepoles of low-order graphs)Let us realize this representation on example



The example of the graph, whih ontributes to Z3:
Relevant (divergent) subgraphs are marked with olored lines



Genuine part Nγ in representation
KR

′
γ = 2

nǫ(Nγ + J γ),

• Unity vertex is inserted into eah line of the graph
• The above operation removes the super�ial divergene
• KR ′ makes the expression �nite at ǫ = 0



High-order pole part J γ



Resultant expression for ounterterm
KR ′γ =

2

nǫ
(Nγ + J γ), n = 4

For alulation of ounterterms it is su�ient to alulate genuineparts of graphs in every order of perturbation theory



Argumentation



Renormalization sheme
S = −
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2
(τZ1 + p2Z2 + ∆Tc)ϕ
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1

6
gµε/2Z3ϕ

3The following renormalization sheme is suitable for furtheralulations
• Γ2|p=0,τ=0 = 0

• Γ2|⊗ = −µ2 , {⊗} ≡ {p = 0, τ = µ2} � normalization point
• 1

2 ∂2
p Γ2|⊗ = −1

• Γ3|⊗ = −gµε/2In this sheme renormalization onstants depend on g and ǫ only.



K operation
KΓ2 = Γ2|0 +

τ

µ2
(Γ2|⊗ − Γ2|0) +

p2

2

(

∂2
pΓ2|

)

⊗
,

KΓ3 = Γ3|⊗Calulation of renormalization onstants will be performed at
τ = µ2, then

KΓ2 = (K0 + p2K2)Γ2 , KΓ3 = K0Γ3 ,where
K0F (p) = F |p=0 , K2F (p) =

1

2
∂2

pF |p=0 ,

K operation separates the initial part of momentum series.



Derivation of Z
(n) = 2

nε

(

NΓ(n) + J Γ(n)
)representationLet Γ � be a logarithmi 1-irreduible Green funtion, whihdetermines renormalization onstant Z

Z = 1 + KR ′Γ = 1 +
∑

n

g2nµnεZ (n)(µ2),

Z (n)(µ2) = KR ′Γ(n)|τ=µ2 .Beause Z is dimensionless we obtain: Z (n)(µ2) = µ−nεZ (n)(1)That is why the following relationship is valid for Z (n)

Z (n) = −
2

nε
µ2∂µ2Z (n) = −

2

nε
µ2∂µ2KR ′Γ(n),On the basis of this expression we'll de�ne N and J operations



De�nition N è J operations
Z (n) = −

2

nε
µ2∂µ2KR ′Γ(n) =

2

nε

(

NΓ(n) + J Γ(n)
)

NΓ(n) ≡ −KR ′µ2∂µ2Γ(n)

J Γ(n) ≡ K
(

R ′µ2∂µ2 − µ2∂µ2R ′
)

Γ(n).

NΓ(n) is �nite at ε = 0, beause derivative ∂µ2 removes thesuper�ial divergene; R ′ removes subgraph divergenes.
J Γ(n) is an high order pole part.



Simpli�ation of J operationPreviously introdued representation
an be obtained from

J Γ(n) = K
(

R ′µ2∂µ2 − µ2∂µ2R ′
)

Γ(n)by means of rearrangement of terms, and an be proved by methodof indution.



Resultant expression for NΓ(n)

G (k) = =
1

k2 + µ2
,

−∂µ2G (k) =
1

(k2 + µ2)2
= G 2(k) = ,Therefore representation

NΓ(n) ≡ −KR ′µ2∂µ2Γ(n)is orrespondent to the sum of all kindes of insertions of unityvertex into one of the graph's lineThis results in the formerly delared representation for N operation



Genuine n-loop term Nγ in representation KR ′γ = 2
nǫ(Nγ + J γ),

• Insertion of the unity vertex removes the super�ial divergene
• Insertion of the unity vertex hanges the struture ofdivergenes
• KR ′ makes the expression �nite at ǫ = 0



The forthoming part of the report is devoted to the problemsonneted with representation of Nγ in the form onvenient fornumerial alulationsIt is neessary to express the result of R-operation as the uni�edexpression, whih does not ontain divergenesThe onventional proedure of R-operation (graph minusounterterms) results in poor onvergent integrals (due toanellation of large numerial terms)We'll propose the way of R-operation representation, whih allowsto express Nγ as an well onvergent integral



The problem of anellation of large numerialontributionsThe standard approah in writing the expression for R-operation¾graph minus ounterterms¿ guarantees a �niteness of thevalue Rγ due to anellation of pole ontributions of separate termsExample
∫ ∞

0
dk

k3

(k2 + τ)

[

1

(k2 + τ)
−
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k2

]

=

∫ ∞

0
dk

−kτ

(k2 + τ)2
.Redution to ommon denominator for graphs in high orders ofloop expansion leads to enormously large expressions and has nopratial usage.



Construtive realization of R-operation
• O. I. Zavialov: Renormalized Feynman Diagrams, Mosow, Nauka, 1979, 317 p.

R = (1 − K )R ′ = (1 − K )
∏

j

(1 − K (j)).

(1 − K (j)) - substration operation a�eting j-th divergent subgraph
(1 − K) - substration operation a�eting the graph as a wholeIn our renormalization sheme (1 − K ) is substration of the initial partof the momentum series, whih an be presented as
(1−K )F (k) = F (k)−

n
∑

m=0

km

m!
F (m)|k=0 =

1

n!

∫ 1

0
da(1−a)n∂n+1

a F (ak).

RΓ =
∏

i

1

ni !

∫ 1

0
dai(1 − ai )

ni ∂ni +1
ai

Γ({a}),

ni ≥ 0, � dimension of subgraph , ai � parameter of momentum resaling inside i-thsubgraph (only momenta whih are external to i-th subgraph are resaled)i - ounts subgraphs and graph as a whole



Example of alulation of genuine terms NΓ(n)
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• Proposed realization of R operation produes onlyonvergent integrals
• Suh an integrals an be easily alulated using Monte Carlomethod
• This allows us to alulate genuine part of any partiulargraph.
• If we know genuine part of any graph then we an onstrut

R ′ for any graph
• This leads to the fat that we an alulate renormalizationonstants in any order of ǫ-expansion. Order of ǫ-expansion islimited only by available omputational power.



We performed alulation of ritial exponent η up to the 4-thorder of ǫ- expansion
η = −0.1111ǫ − 0.0588ǫ2 + 0.0439ǫ3 − 0.081ǫ4 + O(ǫ5)preision of integral alulation was 10−4Analytial alulations of the 3rd order of ǫ-expansion:

• O.F. de Alantara Bon�m, J.E. Kirkham and A.J. MKane, J.Phys A: Math Gen. 13 (1980)L245-L251
• O.F. de Alantara Bon�m, J.E. Kirkham and A.J. MKane, J.Phys A: Math Gen. 14 (1981)2391-2413

η = −
ǫ

9
−

43ǫ2

36
+ ǫ3

(

−
8375

22310
+

16ζ(3)

35

)

+ O(ǫ4) ≈

≈ −0.11111ǫ − 0.05898ǫ2 + 0.04367ǫ3 + O(ǫ4)



Thank you for attention!







Êîíñòàíòû Zi â èñïîëüçóåìîé ñõåìå ðåíîðìèðîâêè
Z2 = 1 + K2R

′Γ2 , Z3 = 1 + K0R
′Γ̄3 , Γ̄3 ≡ Γ3/(gµε/2) ,

Z1 = 1 +
1

µ2

(

R ′Γ2|⊗ − R ′Γ2|0
)

.Èçëîæåííûé ìåòîä íåïîñðåäñòâåííî ïðèìåíèì äëÿ Z3.Ñ ó÷åòîì êîììóòàòèâíîñòè îïåðàöèé R ′ è ∂2
p ...|p=0 åãî ìîæíîèñïîëüçîâàòü è äëÿ Z2.Êîíñòàíòó Z1 ìîæíî çàìåíèòü íà ýêâèâàëåíòíóþ êîíñòàíòóðåíîðìèðîâêè Zφ ñîñòàâíîãî îïåðàòîðà φ = ϕ2, äëÿ êîòîðîéðàññìàòðèâàåìàÿ òåõíèêà òàêæå ïðèìåíèìà.



Çàìå÷àíèå î ïåðåêðûâàþùèõñÿ ïîäãðà�àõ.Ïðåäñòàâëåíèå ñïðàâåäëèâî äëÿ R îïåðàöèè, íî íå äëÿ R ′îïåðàöèè (íåëüçÿ �ñîêðàòèòü� íà (1−K )). Äåëî â òîì, ÷òî åñëèâ äèàãðàììå èìåþòñÿ ïåðåêðûâàþùèåñÿ ñóùåñòâåííûåïîäãðà�û (â íàøåì ñëó÷àå âåðøèííûå), íàïðèìåð, Γ(i) è Γ(j),òî â îïðåäåëåíèå R ′ îïåðàöèè íå âõîäèò ïðîèçâåäåíèåîïåðàöèé K (j)K (i), ïðèñóòñòâóþùåå â . Îáúåäèíåíèåñóùåñòâåííûõ ïîäãðà�îâ äàåò ñóùåñòâåííûé ïîäãðà�
Γ(l) = Γ(i)

⋃

Γ(j) (äâóõâîñòûé) èëè äèàãðàììó â öåëîì. Âïåðâîì ñëó÷àå äåéñòâóþùàÿ íà ýòîò ïîäãðà� îïåðàöèÿ
(1−K (l)) îáðàùàåò �ëèøíþþ� âåëè÷èíó K (i)K (j)Γ(l) â íîëü, òàêêàê ïîñëåäíÿÿ íå çàâèñèò îò èìïóëüñà, åñëè æå îáúåäèíåíèåäàåò äèàãðàììó â öåëîì, òî �ëèøíåå� ïðîèçâåäåíèå èñ÷åçàåòòîëüêî äëÿ R îïåðàöèè. Ïðèìåð:



�åçþìå:Êîíòð÷ëåíû ïîëíîñòüþ îïðåäåëÿþòñÿ ñóùåñòâåííîé ÷àñòüþäèàãðàìì, âû÷èñëåíèå êîòîðîé âêëþ÷àåò ñëåäóþùèå øàãè:
• Ïîñòðîåíèå äèàãðàììû è îïðåäåëåíèå êîìáèíàòîðíîãîìíîæèòåëÿ;
• �àññòàíîâêà òî÷êè íà ëèíèÿõ è íàõîæäåíèå ñóùåñòâåííûõïîäãðà�îâ äëÿ êàæäîé èç ðàññòàíîâîê;
• �àñòÿæåíèå âòåêàþùèõ â ïîäãðà�û èìïóëüñîâ è çàïèñüïîäûíòåãðàëüíîãî âûðàæåíèÿ.
• Âûïîëíåíèå ÷èñëåííîãî èíòåãðèðîâàíèÿ ïî èìïóëüñàì èïàðàìåòðàì ðàñòÿæåíèÿ.äëÿ âû÷èñëåíèÿ áûëà íàïèñàíà ïðîãðàììà îñóùåñòâëÿþùàÿ
• ïîñòðîåíèå äèàãðàìì
• Âû÷èñëåíèå äëÿ íèõ Nγ

• Ïîñòðîåíèå ïî Nγ êîíñòàíò ðåíîðìèðîâîê Z

• Âû÷èñëåíèå ��-�óíêöèé


