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1 Regge ansatz for amplitudes

Regge kinematics for elastic scattering

s = 4E2 >> −t = ~q2

t-channel partial wave expansion

Ap(s, t) = s

∫ a+i∞

a−i∞

dω

2πi
((−s)ω − psω) fp

ω(t) , p = ±1

Regge pole hypothesis

fp
ω(t) =

γ2(t)
ω − ω(t)

Linear Regge trajectories

ωp(t) = ∆− α′~q2
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2 Mandelstam cuts

Regge asymptotics

Ap
Regge(s, t) = ξp(t) s1+ωp(t) γ2(t) , ξp(t) = e−iπωp(t) − p

Mandelstam cut contribution

Ap
Mand(s, t) = ξp s

∫
d2k

(2π)2
Φ2(k, q − k)sωp1 (−k2)sωp2 (−(q−k)2)

Gribov signature conservation rule

p = p1 p2

Total cross sections and Pomeron

σ =
1
s
=A(s.0) , A(s, t) ≈ is s∆P−α′P q2

, ∆P << 1
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3 Gribov Pomeron calculus

Multi-particle unitarity conditions in t-channel

=tfω(t) ∼
∑

n

∫
dΩn|f (n)

ω |2

Separation of particle clusters in their rapidities

0 < y1 < y2 < ... < yk < ln s , 1 << yk − yk−1 << ln s

Non-relativistic reggeon propagators

G0 =
1

E + ∆− k2

2m

, E = −ω , α′ =
1

2m

Gribov effective Pomeron action

S =
∫

dy d2ρ

(
φ∗(∂y −∆)φ +

1
2m

|∂µφ|2) + iλ(φ∗φ2 + φφ∗2) + ...

)
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4 Gluon reggeization in QCD

Leading logarithmic approximation

MA′B′
AB (s, t) = MA′B′

AB (s, t)|Born sω(t) , αs ln s ∼ 1 , αs =
g2

4π
¿ 1

Gluon Regge trajectory in LLA

ω(−|q|2) = −αsNc

4π2

∫
d2k

|q|2
|k|2|q − k|2 ≈ −αsNc

2π
ln
|q2|
λ2

Multi-Regge amplitudes in LLA (F.,K.,L. (1975))

MBFKL
2→2+n ∼

sω1
1

|q1|2 gT d1
c2c1

C(q2, q1)
sω2
2

|q2|2 ...gT dn
cn+1cn

C(qn+1, qn)
s

ωn+1
n+1

|qn+1|2

ωr = −αsNc

2π

(
ln
|q2

r |
µ2

− 1
ε

)
, C(q2, q1) =

q2 q∗1
q∗2 − q∗1

, σt =
∑

n

∫
dΓn |M2→2+n|2
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5 BFKL equation (1975)

Balitsky-Fadin-Kuraev-Lipatov equation

E Ψ(~ρ1, ~ρ2) = H12 Ψ(~ρ1, ~ρ2) , σt ∼ s∆ , ∆ = −αsNc

2π
E0

BFKL Hamiltonian

H12 =
1

p1p∗2
(ln |ρ12|2)p1p

∗
2 +

1
p∗1p2

(ln |ρ12|2)p∗1p2 +ln |p1p2|2−4ψ(1) ,

ρ12 = ρ1 − ρ2 , ρr = xr + iyr , ∆ = 4αNc ln 2 /π

Möbius invariance and eigenvalues (L. (1986))

ρk → aρk + b

cρk + d
, m = γ + n/2 , m̃ = γ − n/2 , γ = 1/2 + iν ,

E = ψ(m) + ψ(1−m) + ψ(m̃) + ψ(1− m̃)− 4ψ(1)
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6 Effective action in QCD

Locality in the rapidity space

y =
1
2

ln
εk + |k|
εk − |k| , |y − y0| < η , η << ln s

Gluon and Reggeized gluon fields

vµ(x) = −iT ava
µ(x) , ∂∓A± = 0 , δA±(x) = 0

Effective action for reggeized gluons (L., 1995)

S =
∫

d4x
(
LQCD + Tr(V+∂2

µA− + V−∂2
µA+)

)
,

V+ = −1
g
∂+ P exp

(
−g

2

∫ x+

−∞
v+(x′)d(x′)+

)
= v+ − gv+

1
∂+

v+ + ...
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7 Pomeron in N = 4 SUSY

BFKL kernel in two loops (F., L. and C.,C. (1998))

ω = 4 â χ(n, γ) + 4 â2 ∆(n, γ) , â = g2Nc/(16π2) ,

Hermitian separability in N = 4 SUSY (K.,L. (2000))

∆(n, γ) = φ(M) + φ(M∗)− ρ(M) + ρ(M∗)
2â/ω

, M = γ +
|n|
2

,

ρ(M) = β′(M) +
1
2
ζ(2) , β′(z) =

1
4

[
Ψ′

(z + 1
2

)
−Ψ′

(z

2

)]

Maximal transcendentality (K.,L. (2002))

φ(M) = 3ζ(3) + Ψ
′′
(M)− 2Φ(M) + 2β

′
(M)

(
Ψ(1)−Ψ(M)

)
,

Φ(M) =
∞∑

k=0

(−1)k

k + M

(
Ψ′(k + 1) − Ψ(k + 1)−Ψ(1)

k + M

)
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8 Pomeron and reggeized graviton

BFKL Pomeron in a diffusion approximation

j = 2−∆−D ν2 , γ = 1 +
j − 2

2
+ iν

Constraint from the energy-momentum conservation

γ = (j − 2)

(
1
2
− 1/∆

1 +
√

1 + (j − 2)/∆

)

AdS/CFT relation for the graviton Regge trajectry

j = 2 +
α′

2
t , t = E2/R2 , α′ =

R2

2
∆

Large coupling asymptotics for ∆ (KLOV, BPST)

γ = −
√

2π(j − 2) â1/4 , j = 2−∆ , ∆ =
1
2π

â−1/2
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9 Reggeized gluons and gravitons

RGG vertices for QCD and gravity (L. (1982))

Γµµ′

A = δµµ′ − Pµ′

A pµ
B + Pµ

A′p
µ′

B

pApB
− q2 pµ

Bpµ′

B

2(pApB)2
, Γνν′µµ′

A = Γµµ′

A Γνν′
A

RRG vertex for QCD (L. (1975))

Γµ =
(
−q⊥1 − q⊥2 + pA

(
kpB

pApB
+

q2
1

kpA

)
− pB

(
kpA

pApB
+

q2
2

kpB

))

µ

RRG vertex for gravity (L. (1982))

Γµν =
1
2
ΓµΓν − 1

2
q2
1q2

2

(
pA

pAk
− pB

pBk

)

µ

(
pA

pAk
− pB

pBk

)

ν

Graviton Regge trajectory (L. (1982))

ω = −q2 κ2

8π3

∫
d2k

k2(q − k)2

(
(k⊥, q − k⊥)2

(
1

k2
⊥

+
1

(q − k⊥)2

)
− q2

)
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10 Effective action for gravity

Locality in the rapidity space

y =
1
2

ln
εk + |k|
εk − |k| , |y − y0| < η , η << ln s

Metric tensor and reggeized graviton fields

d2S =
∑
µν

gµν dxµ dxν , δA±±(x) = ∂±A±± = 0

Effective action for reggeized gravitons

S =
∫

d4x

(
−
√−g

2κ
R + j++ ∂2

µA++ + j−− ∂2
µA−−

)

Effective current (from L. (1982))

j++ = g++ + (∂σg++)
1

4∂2
+

∂σg++ − (∂σg++)
1

∂+
g+σ − g2

+σ + ...
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11 General covariance

Metric tensor coordinate transformation

δgµν = Dµχν + Dνχµ , δj±± = 0

Gravitation field

gµν = ηµν + hµν , gµν = ηµν − hµν + hµρhρν − ...

New variables

Xρ+ = hρ+ − 1
2

∂ρ

∂+
h++ , yρσ = hρσ − 2

∂ρ

∂+
Xσ+

Perturbative expansion from the covariance condition

j++ = h++ −X2
σ+ + Xρ+Xσ+hρσ −Xσ+

∂σ

∂+
X2

ρ+ + ...
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12 ”Eikonal” contribution

Scattering off the gravitation field h++

A2 =
1

(p + k1)2
+

1
(p + k2)2

≈ − (k1k2)
2(pk1)(pk2)

, A3 =

k3(k1 + k2)
4pk3 p(k1 + k2)

k1k2

pk1 pk2
+

k2(k1 + k3)
4pk2 p(k1 + k3)

k1k3

pk1 pk3
+

k1(k2 + k3)
4pk1 p(k2 + k3)

k2k3

pk2 pk3
,

A4 = − k1k2

16 pk1 pk2

k4(k1 + k2 + k3)
pk4 p(k1 + k2 + k3)

k3(k1 + k2)
pk3 p(k1 + k2)

− (k3 + k4)(k1 + k2)
32 p(k3 + k4) p(k1 + k2)

k1k2

pk1 pk2

k3k4

pk3 pk4
+ permutations

”Eikonal” contribution expansion

jeik
++ = h++−X2

σ+−Xσ+
∂σ

∂+
X2

ρ+−Xµ−
∂µ

∂−
Xσ−

∂σ

∂−
X2

ρ−−
1
4

(
∂σ

∂−
X2

ρ−

)2

+...
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13 Equations of motion for currents

Effective currents (reggeon wave functions)

J± = h±± − 1
∂±

j±±

Fan equation for the ”eikonal” contribution

(∂+ −Xσ+∂σ) Jeik
+ = X2

µ+ +
1
4

(
∂ρJ

eik
+

)2

New effective currents

j±± = ∂±j∓ , ∆S =
1
2κ

∫
d2k⊥

(∫
dx−j−x+→∞∂2

µA++ +
∫

dx+j+
x−→∞∂2

µA−−
)

Light front equation in the covariant form
(

1
2

Dρj+ + gρ+

)(
1
2

Dρj
+ + g+

ρ

)
= 0
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14 Discussion

1. Gribov Pomeron calculus.
2. Locality in the rapidity space.
3. Effective action for reggeized gluons.
4. Pomeron-reggeized graviton correspondence in N = 4 SUSY.
5. Effective vertices for regeized graviton interactions.
6. Effective action for reggeized gravitons.
7. ”Eikonal” contributions to action.
8. ”Fan” equation for effective currents.
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