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Twist

Operator Product Expansion

J(x)J(0) ∼
∑

N

CN (x2, µ2) ON (µ2)

Twist: t = dimension − spin:

Ot=2
µ1...µN

= Sym q̄γµ1
Dµ2

. . .DµN q − Traces

Ot=4
µ1...µN

= Sym q̄γµ1
Dµ2

. . .D2 . . .DµN q − Traces

Reduced matrix elements have different dimension:

〈P|Ot=2
µ1...µN

|P〉 = Pµ1
. . .Pµn 〈〈Ot=2

N 〉〉, 〈〈Ot=2
N 〉〉 = [mass]0

〈P|Ot=4
µ1...µN

|P〉 = Pµ1
. . .Pµn 〈〈Ot=4

N 〉〉, 〈〈Ot=4
N 〉〉 = [mass]2

which implies the hierarchy (for “hard” scattering at high energies):

Physical observable ∼
∑

N

c
t=2
N 〈〈Ot=2

N 〉〉 +
∑

N,k

c
t=4
N,k

〈〈Ot=4
N,k 〉〉

Q2
+ . . .

⇐ Higher twist effects
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Applications

• deep-inelastic scattering

• exclusive and semi-inclusive reactions, spin physics
— diffractive electroproduction of vector mesons
— single spin asymmetries

• flavor physics: B-decays
— higher twist hadronic wave functions

• form factors, electroproduction of nucleon resonances (CLAS12)
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Quasipartonic and Non–quasipartonic operators

Higher–twist operators = quasipartonic + nonquasipartonic

• Quasipartonic operators:
Bukhvostov, Frolov, Lipatov, Kuraev, 1985 (BFLK)

— multiparticle operators built of “plus” field components

⇐ set closed under renormalization
⇐ Two-particle structure of renormalization in one loop

• Nonquasipartonic operators:
— all others

⇐ mix with quasipartonic operators
⇐ appear starting twist four, e.g. ψ̄+F+−ψ+

+

+ + +

+

+

+ +

+ + + + + ++ +

this workBFLK constrained by EOM
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motivation for this study: to understand renormalization of twist-4 nucleon
operators and incorporate some developments in N = 4 SUSY:

Beisert, 2004; Beisert, Ferretti, Heise, Zarembo, 2005

• Methods:

• Conformal operator basis for arbitrary twist [manifest SL(2) invariance]

• “plus-minus” 2 → 2 kernels by embedding SL(2,R) in SO(4, 2)

• 2 → 3 kernels by Lorentz transformation of the BFLK kernels

• For QCD practitioneer:

• Complete results for operator renormalization up to twist four

• Can be extended to arbitrary twist and maybe beyond LO
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Generating function

O(0, z) = q̄(0)[0, zn] 6n q(zn) , n
2 = 0

=

∞∑

N=0

zN

N !
nµ1

. . .nµN

[
q̄γµ1

Dµ2
. . .DµN q

]

=

∞∑

N=0

zN

N !
nµ1

. . .nµN

[
q̄γµ1

Dµ2
. . .DµN q − Traces

]

=

∞∑

N=0

zN

N !
nµ1

. . .nµN Ot=2
µ1...µN

⇐ Light–ray operator

[0, zn] = exp

{
−igsz

∫ 1

0

du nµA
µ(uzn)

}
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Light–ray operators

Example: leading twist

O(z1, z2) = q̄(z1n)[z1n, z2n] 6n q(z2n) , n
2 = 0

RG-equation (
µ
∂

∂µ
+ β(g)

∂

∂g
+
αs

2π
H

)
[O(z1, z2)]R = 0

where H is the integral operator Balitsky, Braun, 1989

[H · O](z1, z2) = 2CF

{∫ 1

0

dα

α

[
2O(z1, z2) − ᾱO(zα

12, z2) − ᾱO(z1, z
α
21)

]

−

∫ 1

0

dα

∫ ᾱ

0

dβO(zα
12, z

β
21) −

3

2
O(z1, z2)

}

where zα
12 = z1(1 − α) + z2α, ᾱ = 1 − α.

• H is invariant under SL(2,R) transformations of the light-ray, z →
az + b

cz + d
.

⇒ DGLAP, ERBL, GPD

ϕAB(z1, z2) = 〈A|O(z1, z2)|B〉
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SL(2) Algebra
is generated by P+, M−+, D and K−

L+ = L1 + iL2 = −iP+

L− = L1 − iL2 = (i/2)K−

L0 = (i/2)(D + M−+)

E = (i/2)(D − M−+)

can be traded for the algebra of
differential operators acting on the field
coordinates

[L+,Φ(z)] ≡ L+Φ(z)

[L−,Φ(z)] ≡ L−Φ(z)

[L0,Φ(z)] ≡ L0Φ(z)

L+ = −
d

dz

L− =
(

z
2 d

dz
+ 2j z

)

L0 =
(

z
d

dz
+ j

)

They satisfy the SL(2) commutation
relations

[L0,L∓] = ±L∓

[L−,L+] = 2L0

The remaining generator E counts the twist t = ℓ− s of the field Φ

[E,Φ(z)] =
1

2
(ℓ− s)Φ(z)

collinear twist = dimension - spin projection on the plus-direction
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Building blocks for operators:

q, q̄, Fµν , Dµq, DµDνq, DµDνDρq, . . .

• Tensor properties

• Equations of motion (EOM)

Baryonic twist-4 operator

ǫijku
↑
i (z1)C /nγ⊥/pu

↓
j (z2)γ⊥/nd↓(z3)
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Spinor Representation

Coordinates:

xαα̇ = xµσ
µ
αα̇ =

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
=

(
x+ w

w̄ x−

)
, σµ = (1l, ~σ)

To maintain Lorentz–covariance, introduce two light-like vectors n2 = ñ2 = 0

nαα̇ = λαλ̄α̇, ñαα̇ = µαµ̄α̇

with auxiliary spinors λ and µ

xαα̇ = z λαλ̄α̇ + z̃ µαµ̄α̇ + w λαµ̄α̇ + w̄ µαλ̄α̇

Fields:

q =

(
ψα

χ̄β̇

)
, q̄ = (χβ, ψ̄α̇) ,

Fαβ,α̇β̇ = σµ
αα̇σ

ν
ββ̇Fµν = 2

(
ǫα̇β̇ fαβ − ǫαβ f̄α̇β̇

)

fαβ and f̄α̇β̇ transform according to (1, 0) and (0, 1) representations of Lorentz
group
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“Plus” and “Minus” components

ψ+ = λαψα , χ+ = λαχα , f++ = λαλβ
fαβ ,

ψ̄+ = λ̄α̇ψ̄α̇ , χ̄+ = λ̄α̇χα̇ , f̄++ = λ̄α̇λ̄β̇
f̄α̇β̇ ,

ψ− = µαψα , ψ̄− = µ̄α̇ψ̄α̇ f+− = λαµβ
fαβ

similar for derivatives ∂µ → ∂αα̇

∂++ = 2∂z , ∂−− = 2∂z̃ , ∂+− = 2∂w , ∂−+ = 2∂w̄

• ψ+, χ+, f++ and ψ̄+, χ̄+, f̄++ are defined as quasipartonic

ψ+ = ψ+(z) = ψ+(z, 0, 0, 0)
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Operator basis for higher twists

• Operator basis containing fields and all possible derivatives is
overcompleted

• In general fields with derivatives have “bad” SL(2,R) transformation
properties.

• under infinitesimal special conformal transformations in the light-cone
direction: x = {z, z̃,w, w̄}

ψ−(x) →
1

(1 + zǫ)
ψ−

(
z

1 + ǫz
, z̃,

w

1 + ǫz
,

w̄

1 + ǫz

)

where from e.g.

[DwDw̄Dz̃ψ−](z) =
1

(1 + zǫ)3
[DwDw̄Dz̃ψ−]

(
z

1 + ǫz

)

⇒ [DwDw̄Dz̃ψ−](z) is a “primary” field with j = 3/2

• but:

ψ+(x) →
1

(1 + zǫ)2

{
ψ+

(
z

1 + ǫz
, z̃,

w

1 + ǫz
,

w̄

1 + ǫz

)
+ ǫzw̄ψ−

(
. . .

)}

⇒ e.g. [Dw̄ψ+](z) does not transform homogeneously under SL(2,R)
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Solution: allow only V. Braun, A. Manashov, J. Rohrwild, 2008

ψ+(z, z̃ ,w, 0) =
∑

n,k

z̃k

k!

wn

n!
[Dn

wD
k
z̃ψ+](z)

ψ−(z, z̃ , 0, w̄) =
∑

n,k

z̃k

k!

w̄n

n!
[Dn

w̄D
k
z̃ψ−](z)

and eliminate remaining “half” of transverse derivatives using EOM, e.g.

[Dw̄ψ+](z) ≡ [D−+ψ+](z) = [D++ψ−](z) + EOM = 2∂zψ−(z) + EOM

• similar for gluon fields
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basis fields: (E = collinear twist, j = conformal spin )

j = 1/2 j = 1 j = 3/2 j = 2 j = 5/2

E = 1 ψ+

E = 2 ψ− Dwψ+

E = 3 Dw̄ψ−, Dz̃ψ+ D2
wψ+

E = 4 Dz̃ψ− D2
w̄ψ−, DwDz̃ψ+ D3

wψ+

building blocks for composite light-ray operators, e.g.

C
abc

{
[0, z1]ψ̄+(z1)

}a{
[0, z2]f++(z2)

}b{
[0, z3]Dwψ+(z3)

}c

Premium

Manifest SL(2) symmetry of higher-twist evolution equations
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SL(2)–invariant RG equations
O(z1, z2) = ψ̄+(z1)ψ+(z2)

Example: leading twist RG equation,

(
µ ∂

∂µ
+ β(g) ∂

∂g
+ αs

2π
H

)
[O(z1, z2)]R = 0

[H · O](z1, z2) = 2CF

{∫
1

0

dα

α

[
2O(z1, z2) − ᾱO(z

α
12

, z2) − ᾱO(z1, z
α
21

)
]

−

∫
1

0

dα

∫
ᾱ

0

dβ O(z
α
12

, z
β

21
) −

3

2
O(z1, z2)

}

• SL(2,R)–invariance

[H · LkO](z1, z2) = Lk [H · O](z1, z2)

• Two–particle representations are not degenerate

T j1 ⊗ T j2 =
∑∞

n=0
⊗ T j1+j2+n

→֒ H can be written as a function of two-particle Casimir operator

C
SL(2,R)
2 = −

∂

∂z1

∂

∂z2
(z1 − z2)2 = Ĵ12(Ĵ12 − 1)

→֒

Invariant representation

H = 2CF

[
ψ(Ĵ12 + 1) + ψ(Ĵ12 − 1) − 2ψ(1) −

3

2

]
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Footnote:

to obtain this result, notice that H and C
SL(2,R)
2 share the same eigenfunctions:

Hφn(z1, z2) = hn φn(z1, z2)

C
SL(2,R)
2 φn(z1, z2) = jn(jn − 1)φn(z1, z2)

further, it is easy to see that

φn(z1, z2) = (z1 − z2)n , jn = n + 2

so one has to calculate action of H on these polynomials and express hn = h(jn)

Footnote to the footnote:

φn(z1, z2) = zn
12 become Gegenbauer polynomials C

3/2
n in adjoint representation of

SL(2)
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SL(2,R) → SO(4, 2)

Beisert, 2004, Beisert et al, 2005:
• For primary fields that we are using, the same two conditions are true with respect
to the full

conformal group SO(4, 2)

→֒ For arbitrary operators H can be written as a function of C
SO(4,2)
2

SL(2,R) : C
SL(2,R)
2 = J(J − 1)

SO(4, 2) : C
SO(4,2)
2 = J(J − 1)

H(J) → H(J)

the same function !

• Have to work out two-dimensional (matrix) representations:

C
SO(4,2)
2

(
ψ− ⊗ ψ+

ψ+ ⊗ ψ−

)
=

(
C++ C+−

C−+ C−−

)(
ψ− ⊗ ψ+

ψ+ ⊗ ψ−

)

H

(
ψ− ⊗ ψ+

ψ+ ⊗ ψ−

)
=

(
H++ H+−

H−+ H−−

)(
ψ− ⊗ ψ+

ψ+ ⊗ ψ−

)
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V.M. Braun, A.N. Manashov, J. Rohrwild,

arXiv:0908.1684

Results: z12 = z1 − z2

C
SO(4,2)
2 = Ĵ(Ĵ − 1), Ĵ = −

(
0 ∂2z21

∂1z12 0

)

Eigenfunctions

ϕ±
n (z1, z2) =

(
1

±1

)
z

n
12 :

C
SO(4,2)
2 ϕ+

n = (n + 2)(n + 1)ϕ+
n J = n + 2

C
SO(4,2)
2 ϕ−

n = (n + 1)nϕ−
n J = n + 1

→֒

Complete results for 2 → 2 RG kernels

! Not a single Feynman diagram calculated !
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Example

Oij
−+(z1, z2) = ψi

−(z1)ψj
+(z2) , Oij

+−(z1, z2) = ψi
+(z1)ψi

−(z2)

H

(
ψ− ⊗ ψ+

ψ+ ⊗ ψ−

)
=

(
H11 H12

H21 H22

) (
ψ− ⊗ ψ+

ψ+ ⊗ ψ−

)

consider

H

(
a
b

)
zn

12 = H

[
a + b

2

(
1
1

)
zn

12 +
a − b

2

(
1

−1

)
zn

12

]
=

a + b

2
Hϕ+

n +
a − b

2
Hϕ−

n

=
a + b

2
E(n)ϕ+

n +
a − b

2
E(n − 1)ϕ−

n =

(
h11(n) h12(n)
h21(n) h22(n)

)(
a
b

)
zn

12

E(n) is the same function as in ++ operators:

h11(n) = ψ(n + 2) + ψ(n + 1) − 2ψ(1) , h12(n) =
1

n + 1

obtain

[HO
ij
−+](z1, z2) = −2ta

ii′ t
a
jj′

{ ∫ 1

0

dα

α

[
2O

i′j′

−+(z1, z2) − O
i′j′

−+(zα
12, z2) − ᾱO

i′j′

−+(z1, z
α
21)

]

+

∫ 1

0

dαO
i′j′

+−(zα
12, z2)

}
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Does the Lorentz symmetry fix 2 → 3 kernels?

What to do with H
(2→3) ?? E.g. ψ−ψ+, ψ+ψ− → ψ+ψ+ f̄++

Idea:

• Infinitesimal translation in transverse plane Pµλ̄

i [Pµλ̄, ψ+] = 2∂zψ− + igAµλ̄ψ+ + EOM ,

• Lorentz Rotation Mµµ

i [Mµµ, ψ+] ∼ (z∂z + 1)ψ− +
1

2
igzAµλ̄ψ+ + EOM ,

→֒ Exact relations between renormalized operators containing “plus” and
“minus” fields →֒ The counterterms on the LHS and RHS must coincide

! It works and proves to be very efficient !
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Translation

Notation

O
ij
−+(z1, z2) = ψi

−(z1) ⊗ ψ
j
+(z2) O

ij
+−(z1, z2) = ψi

+(z1) ⊗ ψ
j
−(z2)

O
ij
++(z1, z2) = ψi

+(z1) ⊗ ψ
j
+(z2) O

ija

f
(z1, z2, z3) = ψi

+(z1) ⊗ ψ
j
+(z2) ⊗ f̄ a

++(z3)

We are looking for three-particle counterterms

[Oij
±∓(z1, z2)]′R ∼

1

ǫ
[H

(±∓)
→f Of ]ij(z1, z2)

• Apply transverse derivative to leading-twist O++ operator

∂µλ̄[Oij
++(z1, z2)]′R = 2∂z1

[Oij
−+(z1, z2)]′R + 2∂z2

[Oij
+−(z1, z2)]′R

+ig[Aµλ̄(z1)ψ+(z1) ⊗ ψ+(z2)]′R

+ig[ψ+(z1) ⊗ Aµλ̄(z2)ψ+(z2)]′R + EOM

• Convert Aµλ̄ into f̄++

A
b
µλ̄(z1) − A

b
µλ̄(z2) = −z12(µλ)

∫ 1

0

dτ f̄
b
++(zτ

12)
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• rewrite the expression on the LHS:

∂µλ̄[Oij
++(z1, z2)]′R = ∂µλ̄

1

ǫ
[H++ · O++]ij(z1, z2)

→ contains two-particle and three-particle counterterms

• after a little algebra:

LHS ≡ ∂1H
(−+)
→f

+ ∂2H
(+−)
→f

= RHS (known expression)

• This equation is not SL(2,R) invariant!

L
+,(j1j2j3)
123 = L

+,j1
1 + L

+,j2
2 + L

+,j3
3 =

3∑

k=1

z2
k ∂k + 2jkzk

(LHS − RHS)L
+,(1,1,3/2)
123 = L

+,(1,1)
12 (LHS − RHS) + (L̃HS − R̃HS)

• This means that we have two equations

LHS = ∂1H
(−+)
→f

+ ∂2H
(+−)
→f

= RHS ,

L̃HS = ∂1z1H
(−+)
→f

+ ∂2z2H
(+−)
→f

= R̃HS
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• Final set of equations

∂1z12H
(−+)
→f

+ H
(+−)
→f

=

3∑

i=1

CiAi

∂2z21H
(+−)
→f

+ H
(−+)
→f

=

3∑

i=1

CiÃi

[A1ϕ](z1, z2) = z
2

12

(∫
1

0

dββ̄ ϕ(z1, z2, z
β

12
) −

∫
1

0

dα

∫
ᾱ

0

dβ β ϕ(z1, z
α
21

, z
β

12
)

)

[A2ϕ](z1, z2) = z
2

12

∫
1

0

dα

∫
1

ᾱ

dβ
ᾱβ̄

α
ϕ(z1, z

α
21

, z
β

12
)

[A3ϕ](z1, z2) = z
2

12

∫
1

0

dα

∫
1

ᾱ

dβ
ᾱ

α2
(ᾱ − β) ϕ(z

α
12

, z2, z
β

21
)

Ci are the color structures:

C1 = f
bcd(t

b
⊗ t

c) , C2 = i(t
b

⊗ t
d
t

b) , C3 = −i(t
d
t

b
⊗ t

b)
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Result

[H
(−+)
→f Of ](z1, z2) = z

2
12

{
f

abc
t

b ⊗ t
c

∫ 1

0

dα

∫ ᾱ

0

dββOf (zα
12, z2, z

β
21)

+ i(ta
t

b) ⊗ t
b

∫ 1

0

dα

∫ 1

ᾱ

dβ
ᾱβ̄

α
Of (zα

12, z2, z
β
21)

}

72/(Parity × Charge Conjugation) 7→ 18 independent kernels

see arXiv:0908.1684 for full list and technical details (many)



Introduction Spinor formalism Conformal Basis 2 → 2 Kernels 2 → 3 kernels Conclusions

Summary

• Lorentz symmetry uniquely determines renormalization properties of
operators involving higher-twist field components in terms of partonic ones

• Efficient technique at LO (probably true beyond LO)

• Conformal symmetry is not necessary but simplifies the analysis
dramatically

We are able to show that the same results can be obtained from Lorentz symmetry

alone, by applying translations and rotations to the leading-twist kernels

• Complete results for renormalization of arbitrary twist-four operators
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