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Bose - condensation
n

Partition function of quantum gas with local density - density

interaction:
Y = C/Dqﬁpwe%(w,w),

1™ and 1) fields obey the generalized conjugate properties

Y (t,x) = ¥*(—t,x), C is the normalizing constant, the fields are
determined in the range t € [0, 5 = 1/kT] with the boundary
conditions 1(x, t = 0) = (x, t = ).

The Matsubara action S

Ss = /0 ’ dt / dxipt(x, t) (at+ﬁll)w(x, t)
4 /O "t / dx / X' (%, )%, )V (x — XYt (X, D)X, 1)

Komarova M., Krasnov D., Nalimov M. Superfluid and turbulence



Bose - condensation

The propagator

/ — a=C("=0) r
G(tt)=e {@(t t)+e56—1}’

e =p*/(2m) — p.

The propagator in the critical region

Py L 1
Gl O~ 5 = S iem —n)

1, 7T fields are t - independent. The action is reduced to ¢* (n=2)
theory.
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Bose - condensation
n

Dynamics

t is a complex variable. An effective action is unknown, but seems to
exist and to be unique.

The problem: Re = Lv/v, v — 0, developed turbulence.

The dynamics is described by Langevin equations.

The Gibbsian action is of the form

1 1
St = —00* 00 — LW + gamrt v — S+ 21 + mh
m is a linear combination of energy and density similar to
temperature fluctuations, v is a velocity field (incompressible as it is
supposed in H - model and in [Antonov, Hnatic, Honkonen]).
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The dynamic equations [Hohenberg, Halperin|, [Bacunses]

Oct) — Oi(vivy) = M1 + ib)[0%¥—

—g1 (V)Y /3 + gamy] + iNgs (g2t — m+ h]+
+0[0*Y) — (V) /3 + gamy] + fye,

conjugated equation for ¢ field,
Orm—0;i(vim) = —Aud?[g@1h— m+h|+idgs[wt 0% — PP+ frn,
Opv = vAv — 9;(viv) — U O[0%) — %(ww)w + gomi]—

O[T — %wwm* + @omit] — milg T — m+ b+ f,.
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Bose - condensation

Gaussian distribution for random forces f with the correlators:
Dy(p,t,t') = A\5(t — t'), Dm(p,t,t') = \up®s(t — t'),

D,(p,t,t') = vp?s(t — t).

These equations lead to Gibbsian limit with the static action.
Let us consider the critical region p — 0, h — 0. Dimensional
analysis:

div] =d/2—1, dlm]=d/2, d}']=d/2+1,

dm]=d/2, dv]=1, d[V]=d/2,

the field v is IR irrelevant.
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Bose - condensation

Renormalization group — ¢* example

1 g .
S = Ezgagb@gzs + Z, 734"
d=4—¢ vi=p0,InZ;, B = g(—€— ).

atg = ﬁ(g)

t =In(k/p), 5(g:) =0
9B

— ag 8=8x

— matrix.
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The dynamic action: F-model

S =22 — Aum'Pm’ + ' {—0up + A1 + ib)[0% —

~S WY + emy] + idgsvlgd Y — m+ hl} +

+' {—80" + A(1 — ib)[0Pyt —

_%(¢+¢)¢+ + &myT] — iNgsY T[T — m+ ]} +
+m'{—0:m — Aud*[g2p ™) — m+ h] + idgs[YTO* Y — vO*YT]}.

The critical behavior is described in d = 4 — ¢ dimension [De
Dominicis, Peliti].
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Bose - condensation

F-model: Renormalization

S =20 — Xum'@Pm’ + T {0 + (1 + ib)[0%h—
~EL WU + gami] + irgslgawt — m o+ hl}+
' { =0 + A1 — ib)[0%pT —

“E W)t + myt] - irgstt gy — m+ )+

+m'{—0:m — Aud?[g) T — m + h] + iAgs[YT 0% — OPYT]}.
1) It is multiplicative because of the Gibbsian limit.
2) In the interaction terms the differentiation can be removed at the
field m’, then no renormalization of m'd;m term and Z/ Z,, = 1.
3) w’¢/ —= eia(t)w’w/, w+7w+/ - eia(t)w+’w+/’ m, m — m, m
symmetry, then Z,Z,, = Z,,.

Superfluid and turbulence
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Bose - condensation

B - functions (for the coupling constants only)

The scaling g; — g;/(872) is assumed.

B, = 81(—€ — 7a),
Be, = 82(—€/2 — 7)),
Be = 83(—€/2 — ),

Bu=—tyu, Bb=—b.
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Bose - condensation
n

~ - functions (for the coupling constants only)

5 6gl 1, 20 24g?

),

2 3,
Ve = — 3811 5855

3 2
2b%gzu — b’gs — Abgrgsu + giu? — g5 + 283 + 2g3u
2((1 + u)? + b?) ’
Yu =
_ Pgu? — 4gib® — 2bgygsu® + giu’ — Tgsu — 3giu’ + g5u® — 4gd
u((u+1)%2+ b?)
Vb =
_PPgiu® — 4g3b? — 2bggsu® + giu’ — Tgju — 3giu’ + giu” — 4g]
u((u+1)2+ p?) '

PYE3 =
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Bose - condensation
n

As a result one obtain the fail of ¢ -expansion. The experimental «
index: it was E model that is IR stable.

E- model: g, =b=0

Multiplicative renormalization because of an additional symmetry

Y — YT, mm,h— —m,—m', —h.

Gibbsian limit, then Z,, = 1.

RG analysis: there are two possible critical regimes. Two-loop
approximation is insufficient to choose one of them.

Viscosity critical dimension is associated with the composite
operators vv'Av’ and vv/Av. Both produce zero contribution to the
Green functions. Then higher order IR corrections are needed. It's too
difficult, there are no reliable predictions for large e.
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Bose - condensation

The new model with the velocity correlator in the form

Dv - g4V3PE_6»

instead of D, ~ p? (d =4 —¢).

Double §, € expansion.

Physical value of ¢:

d = —3 (e = 1) for equilibrium model, 6 = 4 for developed
turbulence.

The base is E - model.
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The action of the new model is

S =21 — Xum'O*m’ + V' DV + T {=0pp — 0;(vi)) +
0% — g1 (V) /3] + idgs[—m + ]} +

+'{ =0T — O(vipT) + A[0*T — g (vT)uT /3] —
—iAgsYt[=m+ h]} + m'{—=0;m — O;(v;m) — Aud?*[—m + h] +
+idgs[vT 0% — YO*Y T} + V{=0wv + vAv — 9;(viv)}

The other additional terms
V{00l — L) + gamu]

—pO0P0 — £ (V) + gomy*] - mdlgawty — m+ hl},

are IR irrelevant here as in previous case.
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Renormalization

Renormalization of the new model

1. No Gibbsian limit, non-multiplicative renormalization, new
Agzm’ypT1) term is necessary.

2. Gallilei invariance, then vO ~ 0.

3. v can be presented as v = 3\, new u; coupling constant.

4. There is no v/ga*v’ counterterms, then Z,, = Z3. The
interaction form leads to the absence of generation contributions to
Zg,.
5. No v/0;v and v/(vOv) counterterms as in usual hydrodynamics due
to the form of interaction.

6. The renormalization constants have the form of E -model ones

with additional terms proportional to g4 and Ags.
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Renormalization

One loop approximation:

1. The renormalization of v, v/ part of the action is the same as in
usual hydrodynamic case.

2. In the ¢/0;(v;¢) term the differentiation can be removed to ¢ or ¢
field, then some diagramms do not contribute to renormalization
constants.
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Scaling regimes

Results of one-loop calculations:

5 3gsul?

A d 8’ =281 g

(Assumed g4 — g4/(877)), Ve 3g1 8(1 + Ul),
2 2 2

rygii — 1+ U g4( 8(]- + Ul)u + 8(1 + U]_) ’
1 4, Bgeup 11
2 _y_Tetti - —
Yu = g3(1+u u) 1+u '8 4u)7

2 2
g 1 3u
Y = — i 4(_ L )
1+ 8 8(1+ u)
g
Yo = g Bes = 8a(—0 + 37,)

The last expression is perturbatively exact.
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Scaling regimes

Two regimes for g; depending on signum of §

1) Equilibrium case

g.=0 (6<0) 7 =0

2) Turbulent case

g 70 (6>0) (7s=0/3>0)

Bur = —un (7 — 1)
If ur. # 0: 7y, =, =9/3 or 0. In last case the dynamical dimensions
are determined by w indices. If uy, =0: v, = §/3 or 0.
In equilibrium ~y,, = 0, then viscosity critical dimension is determined
by w indices (due to coupling constants mixing with g;). Viscosity
critical dimension is negative (OK).
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Scaling regimes

Let’s consider Agsz, = 0 and uy, # 0 fixed point.
Then one of the indices is w = —a//(2v), it is small.
The hydrodynamic index w = § may be IR irrelevant.
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Conclusions

1. In the equilibrium regime the viscosity critical dimension is
negative. It can be determined by indices of static model.

2. The turbulence can destroy critical behaviour, viscosity is IR
relevant here.

3. One- and two-loops calculations are not sufficient to solve the
problem. One need the revision of phenomenological model and
many-loops calculations with some resummation procedure.
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