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Various presentations for Ug(gly)

Chevalley set of generators:  E;, Fi, K™,

KK — KK,
KiKi = KiKi,  KiEKT! = @7% g, [E,F)] = 0; I+<; qil =)

E,-2E,':|:1 — [2]q E;E,'ilE; + E,':|:1E,-2 = 0, [E;, EJ] = 0, |l —J| > 2, etc
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Various presentations for Ug(gly)

Chevalley set of generators:  E;, Fi, K™,

KK — KK,
KiKi = KiKi,  KiEKT! = @7% g, [E,F)] = 0; I+; qil =)

E?Eiry — [2lg EiEisiEi + B E7 = 0, [Ei,E] =0, [i—jl>2, etc

Cartan—Weyl set: upper/lower triangular matrices (Li);ﬁ 1<ij<N.

Rip LFLF = LFLF Ry, Rz Ly = L7 LI Ry,

N
where R = Z q5""Eij ®Eji + (9— q_l)z Eii ® Ej;.
ij=1 i>j
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Reflection Equation subalgebra Dy C U,(gly): L:= (L") L.

Ris Ly Rialy = Ly Ryp Ly Ryp.
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Reflection Equation subalgebra Dy C U,(gly): L:= (L") L.

Ris Ly Rialy = Ly Ryp Ly Ryp.

o Z(Uq(gln)) is generated by g-power sums

Trg(L") := Tr(DL'), where D =diag{q'™",... q7%,¢7'}.
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Reflection Equation subalgebra Dy C Uy(gly): L:=

Ris Ly Rialy = Ly Ryp Ly Ryp.

o Z(Uq(gln)) is generated by g-power sums

Trg(L") := Tr(DL'), where D =diag{q'™",... q7%,¢7'}.

@ Matrix L satisfies characteristic identity

P(L) = L" —ger LN+ P ey "2 ... 4 (—q)V ey T = 0,

where e (L) = TrgL, en(L) =detqL, and (L) are related to
Trq(L") by a set of g-Newton relations.
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Reflection Equation subalgebra Dy C Uy(gly): L:=

Ris Ly Rialy = Ly Ryp Ly Ryp.

o Z(Uq(gln)) is generated by g-power sums

Trg(L") := Tr(DL'), where D =diag{q'™",... q7%,¢7'}.
@ Matrix L satisfies characteristic identity

P(L) = LN —ger 1" 1+ ¢? e N2+ ... 4 (—q)V ey 1 = 0,

where e (L) = TrgL, en(L) =detqL, and (L) are related to
Trq(L") by a set of g-Newton relations.

@ One has a tower of RE-algebras

DiC---CDxC---CDy

generated by upper-left submatrices L(*) := HLinf'(,j:p k=1,....N.
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Spectral values
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Spectral values

Let's factorize characteristic polynomials for all L()

k

PO(L) = PLW) =] (L(k) —uj(.k)u) = 0.
j=1

) = X A

1< <--<ji<k

Here 11;, j=1,...,k, are eigenvalues of the matrix L(¥).
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Spectral values

Let's factorize characteristic polynomials for all L()

3
PO(L) = PLW) =] (L(k) —uj(.k)u) = 0.
j=1
R S T
1< < <<k
Here ,uj(-k), j=1,...,k, are eigenvalues of the matrix L(K).

(V)

@ Elements MJ-N ,Jj=1,...,N, give a central extension of Dy.

|. Kozhanov & P. Pyatov () Quasi-oscillator presentation for Ug(glpy) 4 /12



Spectral values

Let's factorize characteristic polynomials for all L()

K
(k) o (k)y — (k) _ (A1) =
PW(L) = P(L )_H(L il ]1) = 0.
j=1
k _ (k) (k) (k)
e(L) = q DR AT ST A
1< < <<k
Here ,uj(-k), j=1,...,k, are eigenvalues of the matrix L(K).
@ Elements MJ(-N), j=1,...,N, give a central extension of Dy.
@ Extension Dy of Dy with all W spectral values uj(k), j=1,...k,is

not central.
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Spectral values

Let's factorize characteristic polynomials for all L()

K
(k) o (k)y — (k) _ (A1) =
PW(L) = P(L )_H(L il ]1) = 0.
j=1
i k) (K K
ei(L(k)) = 4q Z ’u'J(l)’U'J(z) J(,)
1< < <<k
Here ,uj(-k), j=1,...,k, are eigenvalues of the matrix L(K).
@ Elements MJ(-N), j=1,...,N, give a central extension of Dy.
@ Extension Dy of Dy with all W spectral values uj(k), j=1,...k,is
not central.

N . . .=
@ The set {MJ('k)}JIS:lkzl generate a maximal commutative subalgebra in Dy.
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Toy example: Ug(gly)

+
For 2 x 2 matrix L = ( ah_ ‘2, ) Reflection Equation gives
aEh = qE2hat, RS (h’ T qil(l_%)h) at,
q q
aat = ata + (1- %)h(h — h), [h, H] = 0.
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Toy example: Ug(gly)

+
For 2 x 2 matrix L = ( ah_ ah/ ) Reflection Equation gives
aEh = qE2hat, RS (h’ T qil(l_%)h) at,
q q
aat = ata + (1- %)h(h — h), [h, H] = 0.

Spectral values i 5

1
qlrgl = ?h + b = 1+ po,

qzdeth = h(h — ih) — e = %hh’ —a a" = pipe.
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The spectral extension of U,(gl,) is given in terms of generators

{3+, a_a hv/’(‘17 :U/Q}

subject to conditions
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The spectral extension of U,(gl,) is given in terms of generators

{a+a a_a h7 M1, :U/Q}
subject to conditions
® {p1, o} — generate the center,

@ {p1, o, h} — generate the maximal commutative subalgebra,
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The spectral extension of U,(gl,) is given in terms of generators

{a*,a7 h,pa, o}
subject to conditions
® {p1, o} — generate the center,
@ {p1, o, h} — generate the maximal commutative subalgebra,

o triple {a*, h} constitute a quasi-oscillator:

aih = qi2h3i7
h h h
— 2
a—at = —pt )(?) = _(?_Ml)(?_m)'
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The spectral extension of U,(gl,) is given in terms of generators

{a*,a7 h,pa, o}
subject to conditions
® {p1, o} — generate the center,
@ {p1, o, h} — generate the maximal commutative subalgebra,

o triple {a*, h} constitute a quasi-oscillator:

ath = ¢%ha,
e = —PO(R) = — (h—p)(h ),
h h h
= = 2 —_
et = =P — = (o — ) — ).
Rescale u™ = a*#/jm, u"=h"12a=, h=q?P andtake p; =q2:
utu” =1-¢?P"2 wut =1-¢*°, [uF, D] =2u* — the g-oscillator.

V.
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Quasi-oscillator presentation for L*

1
NI T 0
q

vh _
[papz | L™= - 1 h
0 ¢ h hpa 2 gV Hip2
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Quasi-oscillator presentation for L*

A+ 1 0
L+ _ \/E \/Ea = \/E
o 0 1 42 ’ - —— 9 5 1 h
9 "k hpa po qV Hap2

Additional motivation

@ g-oscilators were used by V.Bazhanov, S.Lukyanov and A.Zamolodchikov for
construction of the Baxter's @-operators in their investigation of integrable
stucture of CFT.

@ Quasi-oscillator realization of the 2x2 matrices L* was later employed for
construction of the Q-operators by M.Rossi, R.Weston and Ch.Korff.

@ The Uy(sl3) generalizations of these constructions were considered by
V.Bazhanov, A Hibberd, S.Khoroshkin and H.Boos, F.Gohmann, A.Klimper,
Kh.Nirov, A.Razumov.

v
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Spectral extension of Ug(gln)

Generators
° #SN), 1<i<n, — N eigenvalues of L — generate the center.
° {ail(.k),u,(.k)}, 1<i<k, 1<k<N-1, — M quasi-oscillators,
one for each eigenvalue of the submatrices L(k) — generate rest of
the algebra.

|. Kozhanov & P. Pyatov () Quasi-oscillator presentation for Ug(glpy) 8/ 12



Spectral extension of Ug(gly

Generators

(-N), 1<i<n, — N eigenvalues of L — generate the center.
° {ai(k),u,(.k)}, 1<i<k, 1<k<N-1, M quasi-oscillators,
one for each eigenvalue of the submatrices L(k) — generate rest of
the algebra.

Relations among quasi-oscillators

° aigk) MJ(_p) — qF2d (p) j:( )

4 M )
o(K)

@ a i

o(_p)

andaJ

commute if |k — p| >2 (e stands for +/—)
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Relations among quasi-oscillators

@ Permutation of neighbours

ai(_k) ax(.kJrl) qil azp(k+1) ai(k)

i J J i
k+1) (k) T
+(k) _+(k+1) f] R +(k+1) _+(k)
a H a ; S a; a HE
! gl — 19/ !
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Relations among quasi-oscillators

@ Permutation of neighbours
ail(_k) aﬂ(-kﬂ) = 4% aﬂFj(k+1) 3i,(k)7
(k+1) (k) 1*!
+(k) _+(k+1) J ~ i +(k+1) (k)
a H a; S a ; a HE
! gl — 19/ !
@ Relations for a®s with the same superscript
[a',(k), a.f-k)] = 0, ifi#}
a+(k) a*(.k) _ _q2(k71) P(k—l)(qzu(.k)) plk+1) (M(k))
_(k k _ . k k
3 f )a+§ ) _ _2(k=1) plk 1)(“1(_ )) P(k+1)(u$ )/qz)'
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Expressions for L in terms of quasi-oscillators (U, (gls) case)

@) 3) £1) b )k

Notation: u®) — h, Wi i, py v, a —ar,
1 o+ 1 1 44+ 1+
Vh NG q\/ﬁ(uruz)[ul—ha b] et by ]

+ _ pip2 1 G 4
Lr=1 0 oy e bl —mb]

N

1 9 - q M2 p—o— _ M1 = o—
VA e L e L
= 1 h _ 1 = _
(LT = 0 o\ e T r— [Mzbl ﬂ1b2]
1 [ pap
O 0 q2 V111/2;3
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Inverse expressions

b = qypipa (u;L;lLE + (qui — h/q)Lfle_E»)v

. hvivovs (o =
= o LyLd, — (ui — h/q?) Lyl ).
; Lo ( 31512 (u /q°) 32 11)

Chevalley generators in terms of quasi-oscillators
(i— 1
Ki = o\ ILnd /T

i (M

5 = l/q 72 )~ () o'

j=1 k#j M oy

i—1

_ q —(i)
" 9= \/HJ _I’ 1)H ,“'+1) Z1<k1_[5‘61'uj ) e
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g-oscillator reduction

Impose conditions
WM =1, &% — 0 vik>o2
It follows that _
) = @@ yik>2.
and the algebra reduces to a set of (N — 1) decoupled g-oscillators {ui, Dy }N =}
(k+1) —
:U’l 1 (k)
g = aty’,
- ) — i+ 1;[ — g2 "
k
_ 1 1 _(k)
ug = H (k) ~ 491
k k k—1)y - — 22—
VA — ) 2 1~
@2 = .

v
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